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Abstract

We present formulations for compressible and incompressible hyperelastic thin shells which
can use general 3D constitutive models. The necessary plane stress condition is enforced ana-
lytically for incompressible materials and iteratively for compressible materials. The thickness
stretch is statically condensed and the shell kinematics are completely described by the first and
second fundamental forms of the midsurface. We use C'-continuous isogeometric discretizations
to build the numerical models. Numerical tests, including structural dynamics simulations of a

bioprosthetic heart valve, show the good performance and applicability of the presented methods.
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1. Introduction

Thin shells can undergo large displacements and rotations while exhibiting only small strains,
especially for bending-dominated deformations, due to their geometric dimensions. Accordingly,
a geometrically nonlinear approach is often employed, where nonlinear kinematics are accounted
for but a linear strain-stress relation is assumed, corresponding to the St. Venant—Kirchhoff consti-
tutive model. However, this approach is not appropriate in the presence of large membrane strains
and when nonlinear elastic constitutive laws, typically used for the modeling of rubber-like ma-
terials and biological tissues, need to be employed. In such cases, a fully nonlinear formulation,
including both kinematic and constitutive nonlinearities, needs to be adopted.

It is well known that thin shells can be modeled appropriately with the classical Kirchhoff—
Love kinematics, but the necessary C! continuity inherent in such models has always been a major

obstacle for the development of efficient finite element formulations. As a consequence, thick
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shell formulations based on Reissner—-Mindlin kinematics requiring only C° continuity are much
more widespread in finite element shell analysis [1]. In the context of finite strains, higher order
shell models including transverse normal strains [2—6] or solid-shells [7-9], just to name a few,
are usually employed since they facilitate the implementation of general 3D material laws. As
a matter of fact, the formulation of C! conforming thin shell finite elements is possible and has
been presented, e.g., in [10, 11], including also finite strains. However, these elements are very
complicated and computationally expensive (in the mentioned references, triangles with 54 degrees
of freedom per element have been used) and, therefore, of little practical use. A possible way
to use C° elements in thin shell formulations is to compute curvatures in an approximative way
by the surface normals of surrounding elements, see [12, 13]. Alternative, smooth discretization
techniques like meshless methods and subdivision surfaces allow a very natural implementation of
thin shell models, see [14] for a meshless implementation and [15, 16] for the subdivision surfaces
approach.

Isogeometric analysis (IGA) [17] is a new trend in computational mechanics, which can be
considered as an extension of finite element analysis where functions typically used in Computer
Aided Design (CAD) are adopted as basis functions for analysis. The most widespread functions
in both CAD and IGA up to today are Non-Uniform Rational B-Splines (NURBS). An interesting
alternative 1s T-splines [18, 19], which allow for local refinement and watertight modeling and have
also been applied successfully in the context of IGA, see e.g. [20-23]. While the initial motiva-
tion of IGA was to better integrate design and analysis by this common geometry description, it
has also been found in various studies that IGA has superior convergence properties compared to
classical finite elements on a per degree-of-freedom basis [24-26]. Over the last years, IGA has
attracted enormous interest in nearly all fields of computational mechanics and it also gave new
life to the development of shell formulations, including rotation-free shells [27-29], Reissner—
Mindlin shells [30-33], blended shells [34], hierarchic shells [35], and solid shells [36—40]. The
high continuity naturally inherent in the isogeometric basis functions allows for a straightforward
implementation of C! thin shell models. In [27], an isogeometric formulation for geometrically
nonlinear Kirchhoff-Love shells has been firstly presented. The formulation is rotation-free and
purely surface-based, which means that the shell kinematics are completely described by the mid-
surface’s metric and curvature properties. This also allows for a direct integration of IGA into
CAD systems, which are ususally based on surface geometry models [41, 42]. The lack of rota-
tional degrees of freedom also permits a direct coupling of structures and fluids in fluid—structure
interaction (FSI) applications, see [22, 43, 44]. Furthermore, this shell model has been applied
to wind turbine blade modeling [45, 46], isogeometric cloth modeling [47], explicit finite strain
analysis of membranes [48], and for the modeling of fracture within an extended IGA approach
[49].



In the present paper, we extend the isogeometric shell model presented in [27] to the large strain
regime, including compressible and incompressible nonlinear hyperelastic materials. We develop
the formulations such that arbitrary 3D constitutive laws can be used for the shell analysis. The
transverse normal strain, which cannot be neglected in the case of large strains, is statically con-
densed using the plane stress condition (in this paper we adopt the commonly accepted, although
incorrect, use of the term “plane stress” for referring to the state of zero transverse normal stress).
As a consequence, the thickness stretch is not considered as additional variable and the shell kine-
matics are still completely described by the metric and curvature variables of the midsurface. The
imposition of the plane stress condition is done differently for compressible and incompressible
materials. While for the former it is obtained by an iterative update of the deformation tensor,
it can be solved analytically for the latter by using the incompressibility constraint. In both ap-
proaches we derive the formulations considering a general 3D strain energy function, such that
arbitrary 3D constitutive models, both compressible and incompressible, can be used for the shell
formulation straight away. We present the derivation from the continuum to the shell model in
detail using index notation in a convective curvilinear frame.

The paper is structured as follows: In Section 2, we introduce some notation convention used
in this paper. Section 3 presents geometrical basics for the shell description while in Section 4, the
shell kinematics are derived. In Section 5, the constitutive equations are presented with a focus on
the consistent derivation from the 3D continuum to the shell model via the plane stress condition.
In Section 6, we show the variational formulation, with detailed linearization of the strain variables
to be found in Appendix C. In Section 7, we discuss the isogeometric discretization and implemen-
tation details. In Section 8, we present numerical tests including benchmark examples for which
analytical solutions are available, as well as the application to biomechanics problems, namely
structural dynamics simulations of a bioprosthetic aortic valve, which demonstrate the validity and

applicability of the presented methods. Finally, conclusions are drawn in Section 9.

2. Notation

The following notation is used: italic letters a, A indicate scalars, lower case bold letters a
indicate vectors, and upper case bold letters A indicate second order tensors. Geometric variables
indicated by (*) refer to the undeformed configuration. The following symbols for different vector
products are used: a - b denotes the scalar product, a X b the cross product, and a ® b the dyadic or
tensor product. The determinant of a tensor is denoted by det(A), while the determinant of a matrix
is denoted by |A;;|. Compact notation is used only when convenient for the presentation of general
equations, while the detailed derivations are written in index notation. Latin indices take on values
{1,2, 3}, while Greek indices take on values {1, 2}, and summation convention of repeated indices

is used. Convective curvilinear coordinates ¢ are used, where 6% are the surface coordinates of



the shell’s midsurface and 6° is the thickness coordinate. Partial derivatives with respect to ¢’ are
indicated as (-),; = d(-)/96'.
3. Shell geometry

Due to the Kirchhoff hypothesis of straight and normal cross sections, the shell continuum can
be described by the midsurface and the normal vector field. Given a point r on the midsurface,
the tangent base vectors of the midsurface are obtained by a, = r,. The metric coeflicients of the

midsurface are obtained by the first fundamental form:
Qop = A, - g . (nH
Curvature coefficients of the midsurface are obtained by the second fundamental form:
bop = —a,-a3p = —a3-a3, = 2,3 a3, ()
where a; denotes the unit normal vector:

a; X ap

a; = 3)

la; X ap|

A point x in the shell continuum can be described by a point on the midsurface r and a fiber

director, which is identified as a3 due to the Kirchhoff hypothesis:
X=r+60a;z, “4)

with —h/2 < 6 < h/2, h being the shell thickness. The base vectors at a point in the shell

continuum are denoted by g; = X; and can be expressed by those of the midsurface a; as follows:

gy =4, + 93 a3, , (5)

g3 =az. (6)

The metric coeflicients at a point in the shell continuum are then obtained as:

2
8ap = op = 20°bop + (%) @34 - 235, (7)
8a3 :gSQ:aa'a3+0333,a'aB :O’ (8)
gz =axn=1. 9)



Corresponding to the classical assumption of a linear strain distribution through the thickness, the

quadratic term in Eq. (7) is neglected:
ap = Qo — 207D . (10)

The metric coefficients can be gathered in matrix form as follows:

g &2 0
8ij=| & &> 0]. (11)
0O 0 1

The contravariant metric coefficients are obtained by the inverse matrix of the covariant coeffi-

cients, [g"] = [g;;]”". According to Eq. (11), we obtain:

PLUNPEI)
g/=1g¢" g 0 with  [g%] = [gas] ™" . (12)
0 0 1

The contravariant metric coefficients can be used to compute the contravariant base vectors g,

defined by the Kronecker delta property g' - g; = 63., as follows:

g" =g%g, (13)
g=g. (14)

Egs. (1)-(14) hold analogously for the undeformed configuration (&g, l;(,ﬁ, etc.). Note that these
equations do not reflect the thickness change in the deformed configuration, which is accounted
for in the kinematic and constitutive equations presented in Sections 4 and 5.

For a tensor expressed in the contravariant basis of the undeformed configuration, A = A;;§' ®
¢/, as it is typically the case for the deformation and strain tensors in a Lagrangian description (see

also Section 4), the trace and determinant are obtained as:

tr(A) = A;j 87 = Aup 8% + Asz, (15)
Adl 1Ay

det(A) = lo—Jl = |°—J| . (16)
18l 18asl

4. Kinematics

The displacement vector u describes the deformation of a point on the midsurface from the

undeformed to the deformed configuration r = ¥ + u. For a point in the shell continuum we



can write X = F + u + 6°a3(F + u). We remark that in the following, kinematic variables are not
expressed as functions of the displacements u but in terms of geometric quantities in the deformed
and undeformed configurations. Strain and stress variables are expressed in terms of the right

Cauchy-Green deformation tensor C = F’F, where F is the deformation gradient:

dx o
C:FTF:gi'gjgi@’gj:gijéi@éj- (18)

According to Eq. (18), which is valid for a general 3D continuum, the covariant coefficients of
the deformation tensor are identical to the metric coefficients of the deformed configuration, i.e.,
Ci; = gij- In the shell model, this relation does not hold for the transverse normal direction, i.e.,
Cs3 # g3, since g3z = 1 due to the definition in Eq. (6), while C33 needs to describe the actual

thickness deformation. Accordingly, we represent the deformation tensor C = C;; §' ® g/ by:

gu &2 O
Cij=| 81 &2 0 |. (19)
0 0 Cx3

As will be shown in Section 5, C33 can be computed from the in-plane components g,z using the

plane stress condition. The inverse of the deformation tensor, C™' = C¥ §; ® §,, is obtained as:
gll g12 0
Cl=|g" g2 0 |. (20)
0 0 Cj

The trace of C is obtained according to Eq. (15):
tr(C) = g4p 8" + Cs3 , (21)

and the determinant is obtained according to Eq. (16):

18apl C33

det(C) = 2
o

=J;Cs, (22)

where we defined the in-plane Jacobian determinant J, as:

Jo = LgLM s (23)
|gaﬁ|



which is related to the Jacobian determinant J = det(F) by:

J=J,4Cs; . (24)

The invariants of the deformation tensor, I, l;, I3, and their relation to the principal stretches

Ay, A3, A3, are given in the following equations:

L =t(C) = 2+ A3+ 13, (25)
1

b= 5 (02 = tr(Ch) = B8 + 25 + B 26)

Iy = det(C) = 2343 . (27)

In the shell model, A5 is the thickness stretch and A3 = V/Cas.
As strain measure, we use the Green-Lagrange strain E = E;; §' ® g/, with:

1 .
E;;j = E(Cij - &ij) - (28)

Transverse shear strains vanish, E,; = 0, while the transverse normal strain, Ez; # 0, is stati-
cally condensed as will be shown in Section 5. Accordingly, only in-plane strain components are

considered for the shell kinematics:

1 .
Eop = E(ga/ﬁ — &op) - (29)

Using Eq. (10), the strains can be expressed in terms of the metric and curvature coefficients of the

midsurface:
1 ° 3 4
Ea,B = E ((aaﬁ - aa,b’) - 29 (b(yﬁ - baﬁ)) . (30)

Introducing membrane strains £,5 and curvature changes «,, obtained by the metric and curvature

coeflicients of the midsurface as:

1 o
Eap = E(aa/s - awﬁ) > (31)

[

Kop = b(tﬁ - baﬁ s (32)
the strains in the shell continuum can be expressed as:

E(tﬁ =&yt 93K{z,6’ s (33)



where the first term is related to membrane deformation and the second one to bending. Accord-

ingly, K,z 1s also called bending (pseudo-)strain.

5. Constitutive equations

An arbitrary isotropic hyperelastic constitutive model, described by a strain energy function
Y(C), is considered. In the following, we present a consistent and general derivation from the 3D
continuum to the shell model for both compressible and incompressible materials.

In the variational formulation we use the second Piola—Kirchhoff stress tensor, S = SV §, ® § s

which is energetically conjugate to the Green—Lagrange strain tensor:

Sij_a_w—za_w

= = . 34
(9E,-J- (9C,-A,- ( )

Since the second Piola—Kirchhoff stress tensor does not represent physical stresses, the Cauchy
stress tensor, o = J~'FSFT, also called “true stress”, is used for stress recovery.

The total differential dS % is obtained by the following linearization:

ij aS"Y ijkl
ds" = 07“ dEy,;, = CYYdEy , 35

where C = C'*$; ® §; ® §; ® §; is the tangent material tensor:

Cijkl _ azw =4 821/,

- - . 36
OE;0E,  0C;;0Cy (56)

Egs. (34) and (36) are the general formulas from hyperelastic continuum theory. If C33 = g33 = 1 is
used for the shell model, the plane stress conditions is, in general, violated, since S 3 = 2(%3 # 0.
Accordingly, the transverse normal deformation Cs3 needs to be determined such that S = 0 is
satisfied. This can be done analytically for incompressible materials using the incompressibility
condition J = 1, or iteratively for compressible materials. Both approaches are shown in detail in
the following subsections.

Once the plane stress condition is enforced, it can be used to eliminate the transverse normal

strain E33 by static condensation of the material tensor:

S33 — C33aﬁEaﬁ + C3333E33 =0 , (37)
implying:
C33aﬁ
E33 = _WEQB . (38)



The coefficients of the statically condensed material tensor are indicated by C%” and are obtained

as:

C(tﬁ33 C33y(5

~NaBys _ maByd
Gt = o -~ (39)

5.1. Incompressible materials
To properly deal with incompressibility, the elastic strain energy function ¢,,(C) is classically
augmented by a constraint term enforcing incompressibility (/ = 1) via a Lagrange multiplier p,

which can be identified as the hydrostatic pressure [50]:

Y =ya(C)-p(J-1). (40)

For the shell model, the additional unknown p can be determined and statically condensed using
the plane stress condition as shown in the following.
First, the 3D tensors S/ and C¥ are formally derived according to Egs. (34) and (36), consid-

ering also p as a function of C;;:

. o7
§i = 22l j-1-2 41
23C,; ac,,( )= e, “h
Y. o*p op 6J aJ dp 0*J
CHM=4_—""— -4 J-1)-4 -4 -4 . (42
ac,oCy ~ ‘acacy TV Yac, a0, ~Yacsace ~ Yacacy P

where the derivatives of the Jacobian determinant are obtained as:

oJ

1

—JCY | 43

ac;; 2 “3)
5] 1 I

—J(CICH — kG — CICH*y | 44

dC;;0Cy 2 ( ) (44)

Substituting Eq. (43) and J = 1 into Eq. (41) we can rewrite the plane stress condition as follows:

W =
§¥=2—2-pC*=0, 45
aC, P (45)
which can be solved for p:
awel
Css . 46
6 Cnr 33 (40)



Accordingly, the derivative of p is obtained as:

ap 82'/’61 ('M el <i3¢i3
=2 =586 47
aC;; dC330C; jC 9Cs3 “7)

where 6" is the Kronecker delta. Substituting Eqs. (46)—(47) together with Egs. (43)—(44) and
J =1 into Eqgs. (41)—(42), we obtain:

i j al//el (9'7[’61 =i
NIy By Lo Mo 48
o, 2oeCe (48)
Yo Ol o e o
Cl]kl 4 e -2 e C Cljckl _ Clkcjl _ CllC]k
dC;;0Cy ~0Cs; 33( )
& Wer 5%1 i3 ¢j3 | Akl Sij 52%1 5%1 k3 oI3

—4|———C33 + ——06"6"|C* —4CY Cs; 070 49
8C33(9C,'j 0C33 6C33(9Ck[ 0C33 ( )

Eqgs. (48)—(49) represent the 3D stress and material tensor for a general incompressible material
with J = 1 and $¥ = 0 incorporated and p eliminated. For the shell model, only the in-plane
components S and C%" are considered, where C*% = g% is used and Cs; = J,? is obtained
by Eq. (24). In the incompressible case, the static condensation of E3; (see Eq. (39)) can also be
performed analytically, as shown in detail in Appendix A. Eventually, the stress tensor and the

statically condensed material tensor for the shell with incompressible materials are obtained as

follows:
alpel awel -
S =2 —2_2 %8, 50
9Cop  2aCy"" 8 0
e P Ppa - P o
CoPre = 4 Dy gl gy g LA j2gv0 4 Tl j-2g0p
9CudCys —0C% " 8 8 T 8C30C, " & T T aC3H0C, 0
agel‘] (2gaﬂgy6+gaygﬁ6+gm$gﬂy) (51)
alr[/el 62'7061

With Egs. (50)—(51), 3D solid material libraries providing can be directly used

and
6C ij 8C i ]6C kl
for the shell formulation. In case that the components obtained from a material library are provided
in Cartesian coordinates rather than curvilinear coordinates, they can be converted to the curvilin-

ear ones by the following formulas, where indices i, j, k, [ refer to the curvilinear frame while

10



a, b, c, d refer to Cartesian coordinates, and where e, indicate the global Cartesian base vectors:

awel al/’el o o j
= Ml e)@ o). 52
aC, 6Cab(g e.)(g - ep) (52)
02%1 _ 52%1

& -e)@ -e)E e)@ ey . (53)

AC;;0Cy ~ OCp0C 4

Neo—Hookean material: In the case of an incompressible Neo—-Hookean material, the second
derivatives of ¢, vanish and the formulation can be greatly simplified. For that reason, we present

it also explicitly in the following. For the Neo—Hookean elastic strain energy function

1
Yo = SH (L -3), (54)
Egs. (50) and (51) simply reduce to:
S =p (3% -7, 8%) . (55)
CoP = 2 (2887 + 8¢ +gg”) . (56)

5.2. Compressible materials

For compressible materials, the plane stress condition S3* = 0 is satisfied by iteratively solving
for Cs3, using a Newton linearization of the plane stress condition similar to what was presented in
[51, 52]:

oS 33
8C33

1
S+ ACy; =S¥+ z<C’3’333Ac33 =0. (57)

From Eq. (57) we obtain the incremental update:

33
ACD = -2 >0 58
3T T (58)
)
(I+1) [0)] 0)]
Cy ' =Cy; +ACy; (59)

where [ indicates the iteration step. With the updated C, we compute the updates of S(C) and C(C).
As an example, let us consider the following compressible Neo—Hookean strain energy function,
taken from [53]:

v = %,J (/2Pu(C) - 3) + iK (2= 1-2InJ) | (60)

11



with y, K as the shear and bulk moduli. The 3D stress and material tensors are obtained, according
to Egs. (34) and (36), as:

. ;1 i) 1
ST =pJg?? (glf -3 (0 C’f) + 5K (/2-1)CY, (61)

CiM = éﬂ I (1(C) (2CTCH + 3CHCN + 3CTCH) - 6(7CH + CUgH))

1 I 62)
+ K(J2 CUCH = S(* = 1) (C*C' + C’ICJ")) .
As initial condition we use C}; = gij:
gu g2 0
C?j =| g1 &2 0], (63)
0 0 1

where the in-plane components remain invariant throughout the iteration, C,s = g.3, and only
C}, is updated. With C;?l) obtained according to Egs. (58)—(59), tr(C)Y*D and JY*V are updated,
ij ijkl
and the new values of S(1+1)’ C(1+1)
condition is satisfied within a defined tolerance. Finally, the statically condensed material tensor

are computed. This procedure is repeated until the plane stress

C is computed according to Eq. (39), and only the in-plane components S ®* and C** are used for
the shell model. As in the incompressible case, arbitrary 3D material models can be used for the

shell formulation with this approach.

5.3. Stress resultants

For the shell model, we use stress resultants, obtained by integration through the thickness:

h/2

n® = f SBde’ (64)
—h/2
h/2

m = f S®Bde* , (65)
—h/2

where n® are normal forces and m® are bending moments. For their total differentials, we obtain
according to Egs. (35) and (33):

h/2 hi2

dn = ( f @“ﬁ75d93) deys + ( f Copro 93d93) dys (66)
—h/2 —h/2
h/2 hi2

dma/ﬁ — (f Caﬁ7693d93) d(":y(s + (f C(Y,B75(93)2 d93) de(S . (67)
—h/2 —h/2

12



It should be noted that in Egs. (66)—(67) only C*"® need to be integrated through the thickness,

while strain variables are expressed by the midsurface variables de,s and dk,.

6. Variational formulation

We derive the variational formulation from the equilibrium of internal and external virtual

work, oW = W™ — sW" = 0, which must hold for any variation (virtual displacement) ou, i.e.:
oW, oéu) = Ds, W) =0, (68)

where Dj, denotes the Géateaux derivative. For the Kirchhoff—-Love shell, internal and external

virtual work are defined as:

6Wi”’:f(n:68+m:6l<+phii-6u)dA, (69)
A
oW = ff -oudA, (70)
A
where f denotes the external load, du is a virtual displacement, d& and Jk are the corresponding
. . . . : . . 0u
virtual membrane strain and change in curvature, respectively, p is the mass density, and i = Fr

denotes the acceleration. A denotes the midsurface and dA = Wd@ldﬁz the differential area,
both in the reference configuration. This formulation includes the assumption that a differential
volume element dV can be approximated by dV ~ hdA, which is acceptable for thin shells. For
static analysis, the acceleration term in Eq. (69) vanishes. In this section we consider the static
case only since it includes all terms which are specific for the shell formulation, while in Appendix
B we present dynamic formulations using the generalized-ao method [54] for time integration.

We perform the linearization of Egs. (69)—(70) considering a discretized model, such that the
Gateaux derivative in Eq. (68) can be replaced by simple partial derivatives in terms of discrete
displacement parameters. The discretized displacement is expressed as:

Msh
u= ) N, (71)
where N“ are the shape functions, with ny, as the total number of shape functions, and u“ are
the nodal displacement vectors with the components u¢ (i = 1,2,3) referring to the global
x—,y—,z—components. The global degree of freedom number r of a nodal displacement is de-
fined by r = 3(a — 1) + i, such that u, = u?. The variation with respect to u, is obtained by the

13



partial derivative 0/0u,:

ou
ou,

N; . (72)

Similar to Eq. (72), the variations of derived variables, such as strains, with respect to u, can be
obtained, which is shown in detail in Appendix C. The variations of §W™ and §W** with respect

to u, yield the vectors of internal and external nodal forces, F and F*¥, and Eq. (68) becomes:

R — Fint _ Fext — 0 , (73)
with R as the residual vector and with:

. oe oK
F = : +m: dA, 74
' fA(n o, ('htr) 74)

J
Fer= [ £ A (75)
A ﬁu,

Note that F** is the standard load vector obtained by integrating the product of load and shape
functions. For the linearization of Eq. (73), we compute the tangential stiffness matrix K, obtained
as K,, = K™ — K&

. on Os &e om Ok 0’k
K" = : : : : dA , 76
i f/; (aus ou, n Ou,Ou " Oouy, Ou, m 0u,(9us) (76)
of oOu
Kext — . dA , 77
" fA Ou; Ou, 1)

where K¢ is to be considered only for displacement-dependent loads f = f(u). Note that in cases
where K*¥ is difficult to compute, it is also possible to neglect its contribution, which means that
the tangential stiffness matrix is only approximated. Nevertheless, the method converges to the
correct solution as long as the residual R is computed correctly. Finally, we get the linearized

equation system which is solved for the incremental displacement vector Au:
KAu=-R. (78)

Note that with a slight abuse of notation, we use u for also for the vector of discrete nodal displace-

ments.

14



7. Isogeometric discretization and implementation details

Egs. (74)—(78) represent a general displacement-based formulation for hyperelastic Kirchhoftf—
Love shells. Due to the second derivatives contained in the curvatures, C' continuity or higher
is required for the shape functions, which makes IGA an ideal discretization approach for this
formulation. The basics on IGA have been presented in detail in numerous papers and we do not
repeat them here again, but refer to [55, 56] for an introduction to NURBS, to [17, 24] for details on
IGA, and to [27, 57] for its application to geometrically nonlinear Kirchhoff—Love shell analysis.
In the present paper, we employ both NURBS and T-splines discretizations. Analysis with T-
splines is based on Bézier extraction [58], such that the integration at element level is performed
in the same way as for classical finite elements while the T-spline structure is recovered during
assembly into the global matrices.

The continuity properties of the isogeometric basis functions allow a straightforward imple-
mentation of the presented theory without the need for rotational degrees of freedom and with
curvatures computed exactly. The natural coordinates &, ny of the isogeometric parametrization are
identified as the shell coordinates ', 6* such that all the formulations presented in the previous sec-
tions for the theoretical model can be implemented one-to-one, without the need for any coordinate
transformation. Rotational boundary conditions, such as clamped boundaries or symmetry condi-
tions are imposed via the displacements of the second row of control points from the boundary,
as described in [27]. The same approach is also used for imposing C'! continuity between patches
in the case of multipatch structures, see [27]. We emphasize that this approach of patch coupling
works perfectly well also for large deformations and rigid body rotations, but it is restricted to
smooth patch connections. For coupling arbitrary patch connections, including also kinks and
folds, the bending strip method [59] can be employed. Alternatively, penalty formulations as in
[42, 60] or a Nitsche formulation as in [61] may be used for patch coupling.

For an efficient implementation, we express all relevant vectors and tensors in Voigt notation:

m LN K11
n= 22 , m= m22 s €= & , K= 163 , (79)
12 I’I’ll2 2812 2K12

with the material tensor represented as a 3 X 3 material matrix:

G @2 @iz
D= G222 2212 | (80)

symm. cr2z
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Furthermore, we introduce the following “thickness-integrated” material matrices:

D’

\[h/Z

h/2

Dd&’,

D

’Dde° ,

| fvh/Z
—h/2

such that we can rewrite Eqgs. (66)—(67) as:

=D dg+D d&.,
dm=D de+D dk.

BZ

h/2
Ih/2 (

) Dde’ ,

Now we can express the internal forces (74) and stiffness matrix (76) as:

F' = f (ETE
A

008 —10k\ 08 _; 8 (<1 08
K, = D—+D —| —+ +D —+D
L [( Ou, 6us) ou, n ou,-0u ( Ou

—T

— ok \ oK
ou,

0’k
ou,0ug

(81)

(82)
(83)

(84)

Jas.

(85)

This formulation is computationally efficient since the thickness integration is performed only for

the stress and material variables, while the linearization of the strains, which represents the large

part of the computational load, is performed only on the midsurface. The linearization of & and «

with respect to u,, u are presented in detail in Appendix C.

7

o incompr.
——incompr. analyt.
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Figure 1: Uniaxial tensile test. Stretch-stress curve for different Neo—Hookean materials.
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Figure 2: Uniaxial tensile test. Stretch-thickness curve for different Neo—Hookean materials.
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Figure 3: Uniaxial tensile test. Convergence diagram for the last load step of the compressible case with v = 0.499
(note that R indicates the residual of the i iteration).

8. Numerical tests

We present several numerical tests using different compressible, nearly-incompressible, and
incompressible materials. The tests include benchmark examples with analytical solutions or ref-
erence solutions from literature, as well as the application to structural dynamics simulations of a
bioprosthetic heart valve (BHV).

8.1. Uniaxial tensile test

As a first example, we simulate a simple uniaxial tensile test, for which analytical solutions

can be derived. A square membrane of dimensions 1 m X 1 m X 0.01 m is subjected to uniaxial
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Figure 4: Inflation of a balloon. Undeformed geometry (full sphere) and deformed geometries of every other load step
(half spheres).
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Figure 5: Inflation of a ballon. Stretch-pressure (left) and stretch-stress (right) curves for incompressible Neo-Hook
and Mooney Rivlin materials.

tensile loading and different constitutive models are employed. Firstly, we consider an incom-
pressible Neo—Hookean material as given in Eq. (54). The analytical solution for the stress-stretch

relationship in this case is:
oc=p(2-217"), (86)

witho =o' and A1 = Ay, A, = A3 = V1/A
Secondly, we consider the compressible Neo—Hookean material presented in Eq. (60). The
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Figure 6: Pinched cylinder problem setup.

(a) (b)

Figure 7: Pinched cylinder. Deformation of the half-system at every single load step in front view (a), and contour plot
of the final deformed configuration (total system assembled for visualization) with the colors indicating the vertical
displacement in cm (b).

analytical solution is obtained by solving the equation o* = 0, which becomes:
—1/1]‘5/3 (2 =Ja)+ lK(/l -1 =0. (87)
3 2
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Eq. (87) is solved for J, which is then substituted into:
o=pl P (2 -y, (88)

witho =c!land A1 = A, A, = A3 = VJ/A

The problem is solved numerically by one cubic shell element for both the incompressible
and the compressible cases. As material parameters, we use u = 1.5 x 10° N/m? in all cases,
while different values for the Poisson’s ratio v = {0.45, 0.49, 0.499} are used for the compressible
formulation, with K = 2u(1 + v)/(3 — 6v). In Figure 1, the stretch-stress curves for the different
models are depicted. A perfect agreement with the analytical solutions can be observed for all
cases. Furthermore, we use the relation A3 = +/Cs; in order to compute the deformed thickness,
h* = Azh. The results are plotted in Figure 2, where, again, a perfect agreement with the analytical
solutions can be observed. In order to investigate the consistency of the linearization, we also
check for the convergence rate of the solution. Exemplarily, we plot in Figure 3 the convergence
of the last load step for the compressible Neo—Hookean material with v = 0.499. As can be seen,
the expected quadratic convergence is correctly obtained.

In addition, we have performed this test with all material models used in the following exam-
ples. In all cases, a perfect match with the analytical solutions as in Figures 1 and 2 and quadratic

convergence as in Figure 3 have been observed.

8.2. Inflation of a balloon

As a second example, we study the inflation of a balloon, which represents a biaxial membrane
stress state, and for which analytical solutions are given in [50]. For this test, we consider an
incompressible Neo—Hookean material (54) as well as an incompressible Mooney—Rivlin material
defined by:

1 1
Ve = €1 (I - 3) - oA (I,-3), (89)

with ¢y = u1/2,¢, = —p»/2 and g — up = pu. We compute both the stress o = 0; = 0, and the

internal pressure p; as functions of the stretch 4 = A4; = A,, for which the analytical solutions are

given as:
Neo—Hookean: o= y(/lz -1Y, (90)
pi=2R"u(a =177, 1)
Mooney-Rivlin: o= U (/l2 - M+ ,uz(/l_z - /1_4) , 92)
pi= 2R (7 = A7) + (a7 - ) 93)
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with R as the radius and ¢ as the thickness of the sphere in the undeformed configuration. The
adopted geometrical and material parameters are R = 10.0 m, = 0.1 m, u = 4.225 x 10° N/m?,
¢y = 0.4375u, and ¢, = 0.0625u (cy/ca = 7), see [50]. We model the whole sphere with 8 X 16
cubic elements. In Figure 4 the undeformed geometry (full sphere) and the deformed geometries
of every other load step (half spheres) are depicted, while Figure 5 shows the stretch-pressure and
stretch-stress curves, where a perfect agreement with the analytical solutions can be observed for

both materials.

8.3. Pinching of a cylinder

This bending-dominated problem was firstly presented in [4] and was subsequently studied in
[3, 8, 9]. A cylinder with radius R = 9 cm, length L = 30 cm, and thickness ¢ = 0.2 cm is supported
at the bottom and subjected to a line load at the top, as shown in Figure 6. A compressible Neo—

Hookean material is used, defined by the following strain energy function:

v =5 r(©) - 3) - pln (Vdeu(©)) + %(det(c)— 1-2In(Vdet(0))) . oY

with g = 60 kN/mm? and A = 240 kN/mm? as the Lamé constants. A uniform line load is
applied such that the vertical displacement of point A on the top of the rim is 16 cm. Due to
symmetry, we model only half of the cylinder and discretize it with 16 x 12 quartic elements. For
imposing symmetry conditions, the x-displacements (perpendicular to the symmetry plane) of the
control points at the top are blocked. Furthermore, rotations around the y-axis in the symmetry
plane are prevented by constraining the z-displacement of the second row of control points both
at the top and the bottom to be equal to the one of the neighboring control points (first row at
top and bottom) as described in [57]. Figure 7(a) depicts the deformation for all load steps while
Figure 7(b) shows a contour plot of the final deformed configuration with the colors indicating the
vertical displacement. The total load corresponding to the displacement u(A) = 16 cm is obtained
as F' = 34.86 kN which is in good agreement with the results from literature ranging between
34.59 kN and 35.47 kN (a detailed overview of these results can be found in [9]).

8.4. Dynamic simulation of a bioprosthetic heart valve

In this section, we consider a dynamic simulation of pericardial BHV function over a complete
cardiac cycle with prescribed physiological transvalvular pressure load. This type of BHV is fabri-
cated from bovine pericardium sheets that are chemically treated after being die-cut and mounted
onto a metal frame to form the leaflets. The strong stiffening effect of the tissue observed at higher

loadings motivates the use of an exponential function for describing the mechanical behavior of
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Figure 8: The trileaflet T-spline BHV model. The pinned boundary condition is applied to the leaflet attachment edge.

the leaflets [62, 63]. In this study, we choose the following strain energy function
V=3 =3+ (20 1), 95)

which is an exponential-type isotropic model with a Neo—Hookean component [64], with ¢y =
0.2 MPa, ¢; = 0.05 MPa, and ¢3 = 100. The order of magnitude of the parameters is chosen to
give a comparable stiffness to the material models used in [64—66].

The geometry of the trileaflet BHV is modeled using three cubic T-spline surfaces, one for
each leaflet, as shown in Figure 8, and is based on the 23-mm NURBS model used in [67, 68].
T-splines enable local refinement and coarsening [19, 69], which is more flexible so that the new
parameterization of the leaflet avoids the small, degenerated NURBS elements used in [67] near
the commissure points. The T-spline surfaces were generated using the Autodesk T-Splines Plug-in
for Rhino [70, 71]. The Bézier extraction data files can be obtained using the same tool.

The T-spline mesh is comprised of a total of 1,452 Bézier elements and 1,329 T-spline control
points. The thickness of the leaflets is 0.0386 cm and the density is 1.0 g/cm®. We model the
transvalvular pressure (i.e., pressure difference between left ventricle and aorta) with the traction
—P(t)a;, where P(¢) is the pressure difference at time ¢, taken from the profile used in [66] and
reproduced in Figure 9, and a; is the surface normal pointing from the aortic to the ventricular side
of each leaflet. The duration of a single cardiac cycle is 0.76 s. As in the computations of [66, 67],
we use damping to model the viscous and inertial resistance of the surrounding fluid. The damping

matrix C, (see Eq. (B.1)) can be obtained by

ou OJu
(Cd)rs = Cdf : dA ) (96)
4 Oug  Ou,
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Figure 9: Transvalvular pressure applied to the leaflets as a function of time. The duration of a single cardiac cycle is
0.76s.

where A* is the midsurface in the current configuration and ¢, = 80 g/(cm? s) is used in this work.
This value of ¢, is selected to ensure that the valve opens at a physiologically reasonable time scale
when the given pressure is applied. Note that the damping matrix defined in Eq. (96) is a function of
the current configuration and, accordingly, needs to be linearized in order to compute the consistent
tangent stiffness matrix. In our computations, we use an approximated tangent stiffness matrix by
neglecting this term as well as the stiffness contribution corresponding to the pressure load. The
time-step size used in the dynamic simulation is 0.0001 s and the pinned boundary condition is
applied to the leaflet attachment edge as shown in Figure 8. The penalty-based contact algorithm
proposed in [67] is used in the simulation. We compute for several cycles until reaching a time-
periodic solution.

The deformation and maximum in-plane principal strain distribution of the leaflets at several
points in the cardiac cycle is shown in Figure 10. The opening is qualitatively similar to that
computed by [67], who used a St. Venant—Kirchhoff material with E = 107 dyn/cm? and v = 0.45,
and quadratic B-splines to model the BHV. The pressurized diastolic state, however, exhibits less
sagging of the belly region compared with that reported in [67] because the material model used

in this study includes the exponential stiffening under strain.

9. Conclusion

We have presented Kirchhoff-Love shell formulations for compressible and incompressible
nonlinear hyperelastic materials. The shell kinematics are completely described by the midsurface
metric and curvature variables while the thickness stretch is statically condensed using the plane

stress condition. This condensation is done iteratively for compressible materials and analytically
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for incompressible materials, while both approaches are derived in such a manner that general 3D
constitutive models can be directly used for the shell formulation. We show the detailed derivation
of the proposed formulation which can be used in combination with any discretization technique
providing C! continuity. We adopt isogeometric discretizations, in particular, NURBS and T-
splines, where control point displacements are the only degrees of freedom. We have successfully
tested the method on a series of benchmark problems for different compressible (including nearly
incompressible) and incompressible materials. Furthermore, we have applied it to structural dy-
namics simulations of a bioprosthetic heart valve. The extension to anisotropic materials is planned
as future work. Such an extension should be rather straightforward but needs to include local coor-
dinate transformations and, therefore, will loose some of the nice features that we want to highlight
in the present formulation. Furthermore, we plan the extension of the present formulation to other

nonlinear constitutive models like plasticity and viscoelasticity.
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Appendix A. Static condensation of E3; for incompressible materials

The statically condensed material tensor coefficients C*" are generally obtained according to

Eq. (39):
R Caﬁ33c337§
afyd _ mafys _
Coe = (3333 (A1)
With C/* as defined in (49) and repeated here for convenience:
. 2
Ct]kl 4 ) C Ct]ckl _ Clkc]l _ Cllc]k
dC;0Cy ~0Cs; 33( )
P 31/’1 3 i W 31/’1
—4|=—=—-Cs5; 26767 | CY - 4CY | ———C3; =596 A2
(6C336C,‘j 6C33 0C330Ck1 6C33 ( )
we compute explicitly the single terms of (A.1):
P W . s ey s
C#r =4 S — 2= Cy(CPC" = CCP - CP Y
dC,30C,5 ~ OCss 2 )
Y < mop Wl
—4—""C33C" —4CP —"—C3;, A3
0C330C,5 AC330C,5 (&3)
and:
8 wel &/’ez =aB S azlpel = = 52%1 alpel
C¥¥ =4 — 25 C3(CPCY) — 4| ——=5—Cx3 | CP - 4C7 C
9CpdCr  “oCy P " aenac, ac2, =" acy,
~ 0%1 52!/’e1
=-C|6 +4—-C A4
acx * Yace, 33 (A4)
Due to symmetry, C*** is obtained directly from (A.4):
s [ O W
C = 0" (6= +4—=Cx3] . A5
acy T Yac, 33 (A.5)
Furthermore, we compute:
(9 lr//el alybel azwel 6¢’€1 = 52%1 al//el
¥ = +2-—=C33(C* —5-Ca3 + C¥ -4 ——~C
ac2 3Cy, < ’ - ac§3 8Cs3 ac, " 8Css
= alr[/el azl//el
= —CP 6= +4—L"C3] . A6
( 8C33+ 6C§3 33 (A.6)
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With (A.4)-(A.6) we obtain:

B33 ~33ys
CTC e 6a‘be’c +4a Vel

2
S = i ic. c% . (A7)

Substituting (A.3) and (A.7) into (A.1) yields:

e PVWel o ~ap A P = o O
CoPrd = 4 S +4———2CHCPCY - 4 ——C—C3C"° - 4CP ———C33
0CopdCys ~ OCE, F 0C330C,s > dC330C,s
+2 a?l C33(2C°BCY + COVCP 4 COCPYy (A.8)

Finally, we substitute C% = g% and C3; = J,? into (A.8) and obtain:

A PP P el P P
C®7r = 4 R el L T Sy ey B < Sy PO L Rk £y e P
0CopdCys  9C%, "0 8 g 9C30C; & " TaCy0C,, " ¢
wel

256 T2 (287" + 878" + 88" . (A.9)

Appendix B. Dynamic formulations with generalized-o method

For the dynamic problem, the semi-discrete residual form of the nonlinear problem reads as:
R=Mi+C+F"-F"=0, (B.1)

where u is the velocity and i the acceleration. M is the standard mass matrix, obtained by:

M, :phf ou M4 (B.2)
4 Oug  Ou,

while C; is the viscous damping matrix [72].
In the generalized a-method [24, 54], all variables are interpolated at a time instant between
two discrete time steps 7, and #,,; by the interpolation factors ay,a,, which is indicated by a

subscript « in the following:

U, = @l + (1 - a’f)un ’ (B3)
u, = afun+l +(1 - af)]:ln s (B4)
U, = @yl + (1 — @i, , (BS)
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where the velocity and displacement at time step ,,,; are computed by a Newmark update:

1
u,, = u, +Am, + E(Af)2 (1 -2, + 2pi,,1) , (B.6)
W, =u,+ At ((1 - 7)“11 + yﬁn+1) > (B7)

with 8 and y as the Newmark parameters and At = t,,; — t,, as the time step size. Accordingly, the

internal and external forces are evaluated as:

F" = F™(u,), (B.8)
Fo' =F"(u,), (B.9)

For displacement-independent loads, F¢* is simply obtained by:

Fo' = a/FS + (1 —ap)F . (B.10)

+

The residual (B.1) computed with these interpolated variables is denoted by R,,, accordingly. Lin-

earizing and solving (B.1) with respect to the acceleration yields the following equation system:

dR,
dﬁn+ 1

Aii,,; = -R, . (B.11)

If a linear damping model is considered, i.e., if C, is assumed to be constant [72], equation (B.11)

becomes:
(@M + ayyAIC, + ayB(AD K (W,)) A,y = —Mid, — Cgt, — ' + FS" (B.12)

Alternatively, Eq. (B.1) can be linearized and solved for the displacement:

Au,,; = -R, . (B.13)

In this case, acceleration and velocity are updated as follows:

o LAY
Wy = m(unﬂ -u,) - ,B_Atun - (% - 1)un s (B.14)
U, = é(unﬂ —u,)+ (1 - %)u + (1 - %)An‘in , (B.15)
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Considering again a constant C,, equation (B.13) becomes:

e

a7 C, + aK(u,) |Au,,; = —Mii, — Cqu, — F + F" . (B.16)

1
m———"M +
S Y
According to [24, 54], the @ and Newmark parameters are determined by the numerical dissipation
parameter p,, € [0, 1] as follows:

2 — Poo 1 _(l—ozf+ozm)2 1

— - = — — + m s B17
T+ps’ Y 150" 1 YT e (B.17)

am
where p., = 0.5 is adopted in this paper.

Appendix C. Linearization of strain variables

As mentioned in Section 6, we compute the partial derivatives with respect to discrete nodal
displacements u,, which is denoted by (), for a compact notation in the following. We obtain the

variation of the displacement vector by (72):

3 ou
"~ du,

u,, = N,

where r is the global degree of freedom number corresponding to the i-th displacement component
(i = 1,2, 3 referring x, y, z) of control point a, N* is the corresponding shape function, and e; the

global Cartesian base vector. For the second derivatives we obtain:

0*u

— =0 C.1
ou,0ug €D

W,.s =

Since variations with respect to u, vanish for all quantities of the undeformed configuration, )y =

0, we obtain for the variation of the position vector r = F + u:

r’r = u’r = Nael > (C2)
g = U= 0. (C.3)

Accordingly, we get the variations of the base vectors a, as:

aaar = N,ii ei s (C4)

Ay,rs =0, (C.5)
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and for a, 4:

aa,,B’r = ,?,,3 €, (C.6)
Ay Bors = 0. (C7)

With (C.4)-(C.5) and u; = ui’., s = 3(b — 1) + j, we can express the variations of the metric

coeflicients a.g = a, - az as:

Aopsr = N,Z € -ag+ N,g e -a,, (C.8)
aaleﬁs = (Nag N’Z +N9g Nacby )611 . (C9)

The variations of the unit normal vector a; are more involved and, therefore, we introduce the

auxiliary variables a5 and as:
2~l3 =a; Xa, (ClO)

as = ya;-a;, (C.11)

such that a; can be written as:
a3 = — . (C12)

In the following, we first compute the variations of the auxiliary variables which are then used for
further derivations. It is convenient to follow this approach also in the implementation since these

intermediate results are needed several times. We first derive the variations of a5 using also (C.5):

az,, = a;,, Xa+a Xay,, , (C.13)

53,;'5 = i, X A, +al X va’r s (C14)
which are used for the variations of as:

as,r = az - a3, , (C.15)

_ 1/~ ~ ~ ~ ~ ~
az,rs = 4y (a3ars ‘a3 + A3z, A3, _(a3,r '33)(33’5 '33)) s (C16)
and finally for the variations of as:

a3z, = 551(53,r _6_13’1‘ 33) s (C17)

R - ——2/~ = - = = = =
aA3,r5 = a, (a3ars —A3,rs 33) + a, (2 a3,y A3,s A3 — A3,r 83,5 —U3,5 a3,r) . (C18)
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The detailed steps of these derivations can be found in [57]. With (C.6)—(C.7) and (C.17)—(C.18),

we can compute the variations of the curvatures b,g = a,4 - as:

baﬁu’ = Qg por A3 T Agp c A3, (Clg)

boz,B’rs = Qg By Q3,5 TAgB,s A3, TAg g - A3, - (C.20)

With Egs. (C.6)—(C.7) and (C.19)—(C.20) we finally obtain the variations of the strain variables:

1 1
Eapsr = E(aaﬁ - Aaﬁ),r = Eaaﬁ’r > (C.21)
1
Eafors = Eaaﬁ’rs s (C.22)
Kapsr = (B(lﬂ - baﬁ)ar = _baﬁsr s (C.23)
Kopsrs = _baﬁ’rs . (C.24)
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