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Abstract
In this paper we present an isogeometric formulation for rotation-free thin shell
analysis of structures comprised of multiple patches. The structural patches are
C1- or higher-order continuous in the interior, and are joined with C0-continuity.
The Kirchhoff-Love shell theory that relies on higher-order continuity of the basis
functions is employed in the patch interior as in [1]. For the treatment of patch
boundaries, a method is developed in which strips of fictitious material with uni-
directional bending stiffness and zero membrane stiffness are added at patch inter-
faces. The direction of bending stiffness is chosen to be transverse to the patch
interface. This choice leads to an approximate satisfaction of the appropriate kine-
matic constraints at patch interfaces without introducing additional stiffness to the
shell structure. The attractive features of the method include simplicity of imple-
mentation and direct applicability to complex, multi-patch shell structures. The
good performance of the bending strip method is demonstrated on a set of bench-
mark examples. Application to a wind turbine rotor subjected to realistic wind loads
is also shown. Extension of the bending strip approach to the coupling of solids and
shells is proposed and demonstrated numerically.

Keywords: isogeometric analysis, NURBS, rotation-free shells, Kirchhoff-Love
theory, multiple patches, wind turbine rotor, shell-solid coupling

1. Introduction

Isogeometric Analysis was first proposed in [2] as a technology that has the
potential to bridge the gap between design and analysis. Non-Uniform Rational
B-Splines (NURBS) were employed as the first basis function technology in iso-
geometric analysis and is currently the most developed one. NURBS-based isoge-
ometric analysis was applied with great success to the study of solids, structures,
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fluids, fluid-structure interaction, turbulence, phase field modeling, and structural
optimization [3–19]. Mathematical theory of NURBS-based isogeometric analysis
was originally developed in [20]. Further refinements and insights into approxima-
tion properties of NURBS were studied in [21] using the concepts of Kolmogorov
n-widths theory. Recent developments in isogeometric analysis include modeling
and simulation of shell structures [1, 22, 23], coordinated synthesis of hierarchical
engineering systems [24], isogeometric model quality assessment and improvement
[25–27], applications to incompressible elasticity [28], and T-Splines [29, 30].

This article further develops the application of isogeometric analysis to shell
structures that make use of the Kirchhoff-Love shell theory. The Kirchhoff-Love
shell theory assumes that a cross section normal to the middle surface of the shell
remains normal to the middle surface during the deformation, which implies that
transverse shear strains are negligible. This theory is appropriate for thin shells
(20 ≤ R/t, where R is the shell radius of curvature and t is its thickness)[31].
Most shell structures of practical engineering interest satisfy this criterion. Thin
shells have an optimal load-carrying behavior and therefore allow the construction
of highly efficient light-weight structures [32, 33]. In the governing mechanical
variational equations of the Kirchoff-Love theory, second order derivatives appear,
and therefore C1-continuity of the approximation functions is required for the dis-
crete formulation to be conforming. NURBS basis functions have the necessary
smoothness at the patch level. NURBS are inherently higher order, which also alle-
viates locking associated with low order shell discretizations. The attractive feature
of the Kirchhoff-Love theory is that the formulation is purely displacement based
and no rotational degrees of freedom are necessary [34–36].

In the previous works on rotation-free isogeometric shell analysis [1, 23], the
authors showed that NURBS are able to attain very good accuracy and are efficient
for shell structures. However, the developments were confined to single-patch shell
structures, or a very limited class of multi-patch shell structures with simple linear
constraints between control points to maintain a conforming discretization. In this
paper, we propose a formulation that is rotation-free and is capable of handling a
significantly larger class of structures composed of an arbitrary number of patches
and their relative orientations. The method consists of adding strips of material in
places where the NURBS patches are joined with C0-continuity and has similarities
with the “continuity patches” presented in [37]. The strips have bending stiffness
only in the direction transverse to the patch intersection, and no membrane stiff-
ness. These “bending” strips are generated automatically. They overlap one row of
control points on each side of the patch intersection and prevent the structure from
developing unphysical “kinks” at this location, which would occur otherwise. The
methodology is able to handle patches that are coupled with G1-continuity as well
as patches that meet at a kink (e.g., the trailing edge of an airfoil). The method is
simple to implement and its effectiveness and accuracy are shown using a variety of
numerical examples.

The paper is outlined as follows. The governing equations of the Kirchhoff-
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Love shell theory are presented in Section 2. NURBS-based Kirchhoff-Love shell
analysis is briefly reviewed in Section 3. The new method based on the bending
strips idea for general multi-patch shells is described in Section 4. In Section 5,
the numerical results are presented, which include a set of well-known linear and
non-linear benchmark problems. Application to a simplified model of a wind tur-
bine blade, for which the wind loads were obtained from a separate fluid mechanics
simulation, is also presented. In Section 6, the bending strip method is extended to
successfully couple shells and solids. In Section 7, a study is performed to assess the
behavior of the numerical solution for a range of the bending strip stiffness values.
Recommendations are made on how to choose the bending strip stiffness param-
eter to ensure solution accuracy and reasonable condition number of the resultant
stiffness matrix. In Section 8, we draw conclusions.

2. Kirchhoff-Love shell theory

In this section we present the governing equations of the Kirchhoff-Love shell
theory. The theory is appropriate for thin shell structures and requires no rotational
degrees of freedom. The variational formulation of a Kirchhoff-Love shell is based
on the principle of virtual work expressed as

δW = δWint + δWext = 0 , (1)

where W, Wint, and Wext denote the total, internal, and external work, respectively,
and δ denotes a variation with respect to the virtual displacement variables δu, that
is

δW =
∂W
∂u

δu . (2)

The internal virtual work is defined by (see, e.g., [38])

δWint = −

∫
V

(S : δE) dV , (3)

where V is the shell volume in the reference configuration (the total Lagrangian
approach is adopted in this work), E is the Green-Lagrange strain tensor, δE is
its variation with respect to virtual displacements δu, and S is the energetically
conjugate second Piola-Kirchhoff stress tensor.

For shell theory, the three-dimensional continuum description is reduced to that
of the shell midsurface, and the transverse normal stress is neglected. Furthermore,
the Kirchhoff-Love theory assumes that the shell cross sections remain normal to
its middle surface in the deformed configuration, which implies that the transverse
shear strains are zero. As a result, only in-plane stress and strain tensors are con-
sidered, and Greek indices, α = 1, 2 and β = 1, 2, are employed to denote their
components.
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The components of the Green-Lagrange strain tensor are separated into two
parts corresponding to membrane and bending action as follows:

Eαβ = εαβ + θ3καβ , (4)

where θ3 ∈ [−0.5t, 0.5t] is the through-thickness coordinate, t is the shell thickness,
εαβ are the membrane strains given by

εαβ =
1
2

(gαβ −Gαβ) , (5)

and καβ are the changes in curvature defined as

καβ = bαβ − Bαβ . (6)

In (5), the covariant metric tensors are given by

gαβ = gα · gβ = x,α ·x,β , (7)
Gαβ = Gα ·Gβ = X,α ·X,β , (8)

and in (6), the curvature tensors are defined as

bαβ = −gα,β · g3 , (9)
Bαβ = −Gα,β ·G3 , (10)

where x and X are the position vectors of material points in the current and reference
configuration, respectively, and (·),α denotes partial differentiation with respect to
curvilinear coordinates θα, which in this case coincide with the NURBS parametric
coordinates. In equations (9)-(10), g3 and G3 are the unit vectors in the direction
normal to the shell midsurface in the current and reference configurations, respec-
tively.

In equation (4), the components of the Green-Lagrange strain tensor are given
with respect to the contravariant basis vectors Gα that are related to the covariant
basis vectors Gβ as

Gα = [Gαβ]−1Gβ . (11)

Given the covariant basis, we define the local orthonormal basis ēα by orienting it
on G1 as follows:

ē1 =
G1

‖G1‖
, (12)

ē2 =
G2 − (G2 · ē1)ē1

‖G2 − (G2 · ē1)ē1‖
. (13)

Remark: Equivalently, the local basis could be oriented on the second covariant
basis vector. The choice of one or the other definition makes no difference in
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the modeling of isotropic materials. However, for the orthotropic case, the two
definitions must be distinguished.

Given the local basis in equations (12)-(13), we employ the following linear
orthotropic stress-strain relationship in the local coordinate system S̄ 11

S̄ 22

S̄ 12

 = C

 Ē11

Ē22

2Ē12

 , (14)

where

C =



E1

(1 − ν12ν21)
ν21E1

(1 − ν12ν21)
0

ν12E2

(1 − ν12ν21)
E2

(1 − ν12ν21)
0

0 0 G12


. (15)

In equation (15), E1 and E2 are the Young’s moduli in the directions defined by
the local basis vectors, ν’s are the Poisson ratios, G12 is the shear modulus, and
ν21E1 = ν12E2 to ensure the symmetry of the constitutive material matrix C. In the
case of an isotropic material, E1 = E2 = E, ν21 = ν12 = ν, and G12 = E/(2(1 + ν)).

Introducing (14) and (4) into the expression for the internal virtual work given
by equation (3), and pre-integrating through the shell thickness, we obtain

δWint = −

∫
A

(
t εT Cδε +

t3

12
κT Cδκ

)
dA , (16)

where ε and κ are the vectors of membrane strain and curvature tensor coefficients
in Voigt notation (in the local coordinate system), and dA is a differential area of
the shell midsurface.

3. Analysis of one-patch and simple multi-patch NURBS shell structures

To obtain a conforming discretization of the Kirchhoff-Love variational shell
theory, the underlying basis functions must be C1-continuous. This is easily
achieved using NURBS-based isgeometric analysis if a single patch geometry
representation is employed. The multi-patch case is more complicated and requires
additional treatment.

A NURBS surface for patch i, Si(θ1, θ2) ∈ Rd, d = 2, 3, is defined parametrically
as

Si(θ1, θ2) =

n1∑
a=1

n2∑
b=1

Pi
a,bRi

a,b(θ1, θ2) , (17)

where θ1 and θ2 are the parametric coordinates that coincide with the shell mid-
surface convective coordinates, n1 and n2 are the number of univariate B-spline
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functions in the two parametric directions, P’s are the control points, and R’s are the
NURBS basis functions given by

Ri
a,b(θ1, θ2) =

wi
a,bN i

a(θ1)N i
b(θ2)∑n1

c=1

∑n2
d=1 wi

c,dN i
c(θ1)N i

d(θ2)
. (18)

In equation (18), w’s are non-negative scalar weights and N’s are the univariate
B-spline basis functions (see, e.g., [39, 40]).

The parametric space is sub-divided into elements by knots. NURBS basis func-
tions are C∞-continuous on the element interiors and Cp−k-continuous at the element
boundaries, where p is the polynomial order and k is the knot multiplicity of the uni-
variate B-splines. As a result, quadratic or higher-order NURBS are necessary for
Kirchhoff-Love shell analysis. Note that, if two different polynomial orders are em-
ployed in two parametric directions, the continuity of the basis is also different in
these directions.

The Kirchhoff-Love shell equations are discretized using Galerkin’s method.
The shell displacements for patch i are expanded in terms of the same NURBS
basis functions used for the definition of the shell midsurface geometry, namely

ui(θ1, θ2) =

n1∑
a=1

n2∑
b=1

ui
a,bRi

a,b(θ1, θ2) , (19)

where ui
a,b’s are the displacement control variables.

Kirchhoff-Love shell analysis of structures composed of multiple NURBS
patches requires additional treatment. An approach was presented in [1] that is
based on enforcing linear constraints between displacement control variables at the
adjacent NURBS patches to maintain a conforming discretization. The approach
and its inherent limitations are reviewed in what follows.

For the connection of two patches, two basic cases need to be distinguished.

G1-continuous connection. For parametric surfaces, G1-continuity means
that two surfaces joining at a common edge have a common tangent plane at each
point along that edge. For NURBS surfaces this condition is satisfied if the control
points across the common edge are colinear, that is,

P2
2, j = (1 + c) P1

n, j − c P1
n−1, j , (20)

where c is a scalar. For rotation-free shell analysis, the above condition has to be
maintained in the deformed state of the structure. For this, we impose the same
co-linearity condition on the displacement control variables and their variations,
namely,

u2
2, j = (1 + c) u1

n, j − c u1
n−1, j , (21)
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δu2
2, j = (1 + c) δu1

n, j − c δu1
n−1, j . (22)

Equations (21)-(22) represent a linear constraint that can be fulfilled exactly at the
analysis level. Although the approach leads to the desired results, explicitly writing
down the above constraints for every control point at the patch interface seems like
a cumbersome task that is inefficient for a large number of patches.

Connection with a kink. If two parametric surfaces are joined with a kink
(i.e., a C0 connection with no common tangent plane), the angle between the
patches has to be maintained in the deformed configuration. Similar to the
G1-continuous case, this may be achieved by coupling the respective control points
along a common edge. For each triple of control points P2

2, j,P
1
n, j and P1

n−1, j, the
angle spanned by these control points must remain constant during deformation.
The angle may be expressed using the scalar product formula

α = cos−1


(
P1

n, j − P1
n−1, j

)
·
(
P2

2, j − P1
n, j

)∣∣∣∣P1
n, j − P1

n−1, j

∣∣∣∣ · ∣∣∣∣P2
2, j − P1

n, j

∣∣∣∣
 , (23)

which does not lead to a linear constraint relationship for the displacement degrees
of freedom in the general case. As a result, the angle constraint cannot be enforced
in a strong sense by a direct coupling of degrees of freedom as in the G1-continuous
case.

In the sequel, we propose a method that circumvents the difficulties in the pre-
viously proposed approaches to handle multi-patch shell geometries. The idea is
to maintain the above mentioned constraints between the displacement degrees of
freedom in an approximate sense, rather than strongly. The method makes no dis-
tinction between the two situations presented above and applies to a general class
of multi-patch shell structures.

4. The bending strip method

The method we propose to handle complex multi-patch shell structures con-
sists of modeling structural geometry using NURBS patches that are joined with
C0-continuity. In addition, strips of fictitious material modeled as surface NURBS
patches are placed at patch intersections. The schematic of the proposed approach
is illustrated in Figure 1 for a two-patch case. The triples of control points at the
patch interface, consisting of a shared control point and one on each side, are ex-
tracted and used as a control net for the bending strip. The parametric domain of
the bending strip consists of one quadratic element in the direction transverse to the
strip and, for simplicity and computational efficiency, of as many linear elements as
necessary to accommodate all the control points along the length of the strip. The
material is assumed to have zero mass (for dynamic simulations, not considered in
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Figure 1: Schematic of the bending strip method.

this paper), zero membrane stiffness and non-zero bending stiffness only in the di-
rection transverse to the strip. The transverse direction is obtained using the local
basis construction in Section 2. Mathematically, the method consists of augmenting
the principle of virtual work with additional terms of the form

δW s
int = −

∫
A

t3

12
κT Csδκ dA (24)

for every bending strip. The bending strip constitutive material matrix Cs is given
by

Cs =

 Es 0 0
0 0 0
0 0 0

 , (25)

where Es is the directional bending stiffness. This design of the material constitutive
matrix ensures that the bending strips add no extra stiffness to the structure. They
only penalize the change in the angle during the deformation between the triples
of control points at the patch interface. The stiffness Es must be high enough that
the change in angle is within an acceptable tolerance. However, if Es is chosen
too high, the global stiffness matrix becomes badly conditioned, which may lead to
divergence in the computations. In the numerical examples section of this paper,
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the effect of different bending stiffnesses is investigated to find a range of values,
which can be used in the general case.

(a) (b)

Figure 2: L-shaped cantilever with a point load. (a) Two rectangular patches meeting at a 90◦ angle.
(b) Deformed configuration with no bending strip. The connection acts like a hinge.

(a) (b)

Figure 3: L-shaped cantilever with a point load. (a) Structure with control points coupled to a
bending strip highlighted. (b) Bending strip corresponding to an L-shaped configuration.

The method is illustrated by the example of an L-shape cantilever with a point
load. Figure 2a shows the geometry consisting of two rectangular patches meeting
at a 90◦ angle, which corresponds to the connection with a kink. Figure 2b shows
the deformed configuration for the case when the patches are connected with C0-
continuity only, i.e., without the bending strip. As can be seen, the C0-continuous
connection unintentionally acts like a hinge between the patches, and no bending
moment is transferred. The situation is rectified by adding a bending strip. In
Figure 3a, the control points to be coupled by the bending strip are highlighted,
while Figure 3b shows the bending strip built using these control points. In Figure
4, the resulting deformation with the bending strip is shown. As can be seen, the
angle between the patches remains nearly constant during deformation.
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Figure 4: L-shaped cantilever with a point load. Deformed configuration with a bending strip. Angle
between the patches remains nearly constant throughout the deformation.

5. Numerical Examples

5.1. Shell obstacle course
The first examples are taken from the well-known shell obstacle course proposed

by Belytschko et al. [41]. It consists of three problems, namely the Scordelis-
Lo roof, the hemispherical shell and the pinched cylinder. All three problems are
modeled using multi-patch shells with bending strips and the results are compared
with single patch solutions. Linearized theory is employed in these examples.

5.1.1. Scordelis-Lo roof

L = 50.0

R = 25.0

t = 0.25

E = 4.32 × 108

ν = 0.0

Figure 5: Scordelis-Lo roof. Problem description. The roof is subjected to a uniform vertical gravity
load of 90.0 per unit area. The ends are supported by rigid diaphragms.
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(a) (b)

(c)

Figure 6: Scordelis-Lo roof. (a) Deformed configuration for a single patch computation (scaling
factor of 10 is applied to the displacement). (b) Deformed configuration for a two-patch computation
with a bending strip. The resulting deformation is nearly identical to the single-patch conforming
solution. (c) Deformed configuration for a two-patch computation and no bending strip. A kink in
the deformed geometry is clearly visible.
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Figure 7: Scordelis-Lo roof. k-refinement study. (a) Two-patch computation with a bending strip.
(b) Single patch computation. Convergence behavior is nearly identical in both cases.
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(a) (b)

Figure 8: Scordelis-Lo roof. (a) Decomposition of the problem domain into four patches. (b) Two
overlapping bending strips used in the computation.
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Figure 9: Scordelis-Lo roof. k-refinement study with two overlapping bending strips.
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This problem consists of a section of a cylindrical shell subjected to a uniform
gravity load, and supported by rigid diaphragms at its ends, whereas the side edges
are free (see Figure 5 for the problem geometry and material parameters, and Figure
6a for a single patch computation). The vertical displacement at the midpoint of the
side edge is taken as a reference solution.

A line of C0-continuity is created by repeated knot insertion. Figure 6c shows
the roof with the C0-continuity marked by a red line. A kink in the deformation can
clearly be seen. The displacement for this non-conforming discretization converges
to uz = −0.3871, which significantly overestimates the reference value of uz =

−0.3024.
A bending strip with Es = E × 103 is added along the C0-continuity line

(see Figure 6d), and a k-refinement study of the roof with the strip is performed.
Figure 7 shows convergence of the vertical displacement. Convergence results are
compared with a single conforming patch (i.e., no C0 lines). Similar convergence
behavior is observed for both cases, indicating that the analysis results are not
sensitive to the presence of the bending strip.

Remark: It should be noted that the bending strip is re-created for every
new mesh in the refinement sequence according to its design. The cost of creating
the new strips is negligible in comparison with the costs associated with mesh
refinement. Due to the rectangular topology of NURBS patches, the bending strip
control points may be easily extracted from the adjoining patches. It should also be
noted that the polynomial order of the strip is fixed at quadratic in the transverse
and linear in the longitudinal directions, independent of the polynomial order of the
structural model. Finally, the width of the bending strip tends to zero as the mesh
is h-refined.

To further test the method, a second line of C0-continuity, orthogonal to the
first one, is inserted and a second bending strip is introduced (see Figure 8). As
can be seen from Figure 8b, the two strips overlap with each other. The results of
the same convergence study are plotted in Figure 9. Similar convergence behavior
is obtained as in the previous two cases, indicating that the bending strips are
behaving according to their design.

Remark: An important feature of the proposed approach is that no interac-
tion between the overlapping strips is introduced, making the method practical for
large structures where more than two patches may meet at a point.

5.1.2. Hemispherical shell
A hemispherical shell is subjected to two diametrically opposite point loads.

Figure 10 shows the problem setup. The bottom circumferential edge of the hemi-
sphere is free. The reference solution is given as the radial displacement under the
point loads and is equal to 0.0924. The hemisphere is modeled by four patches
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R = 10.0

t = 0.04

E = 6.825 × 107

ν = 0.3

F = 2.0

Figure 10: Hemispherical shell. Problem description. The hemisphere is subjected to two diametri-
cally opposite point loads. The bottom circumferential edge is free.

Figure 11: Hemispherical shell. The complete hemisphere is modeled by four patches with bending
strips.
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Figure 12: Hemispherical shell. Displacement convergence under p-refinement. (a) Multi-patch
computations with bending strips. (b) Single patch computation with symmetry boundary condi-
tions. Convergence behavior is nearly identical in both cases.

which are connected by bending strips with Es = E × 103 (see Figure 11). A
p-refinement study is performed where each patch is discretized using 16 × 16 ele-
ments, and polynomial degrees from quadratic to quintic are employed. The results
are shown in Figure 12a. For comparison, the same refinement was performed on
a quarter of the domain with symmetry boundary conditions for a single patch so-
lution (see Figure 12b). Nearly identical results are obtained in both cases. The
bending strips are performing as expected even in the presence of mesh degenera-
tion at the top of the hemisphere.

5.1.3. Pinched Cylinder
In this example, a cylinder supported by rigid diaphragms at both ends is sub-

jected to two diametrically opposite point loads as shown in Figure 13. Due to the
problem symmetry only one half of the cylinder is modeled. The geometry consists
of four patches which are connected by two bending strips with Es = E × 103 (see
Figure 14). A k−refinement study is performed (Figure 15a) and the convergence
results are compared to a single patch solution (Figure 15b) where only one-eighth
of the cylinder with the respective symmetry conditions is computed. Nearly iden-
tical results are obtained in both cases.

5.2. Structures with large deformations
In this section we apply the developed method to two large-deformation bench-

mark problems. Both examples involve a cantilever plate under constant moment
loading. In the first case the plate is bent into a circle and in the second case the
plate is twisted.
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L = 600.0

R = 300.0

t = 3.0

E = 3.0 × 106

ν = 0.3

F = 1.0

Figure 13: Pinched cylinder. Problem description. The cylinder is subjected to equal and opposite
concentrated forces at its midspan. The ends are constrained by rigid diaphragms.

Figure 14: Pinched cylinder. Half of the cylinder is modeled by four patches with bending strips.
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Figure 15: Pinched cylinder. k-refinement study. (a) Multi-patch computations with bending strips.
(b) Single patch computation with symmetry boundary conditions. Convergence behavior is nearly
identical in both cases.

(a)

(b) (c)

Figure 16: Bent plate. (a) Initial configuration. The bending moment is represented by two pairs of
follower forces acting in opposite directions. (b) Deformed configuration. (c) Deformed configura-
tion with a bending strip shown on the bottom.
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5.2.1. Bent plate
The cantilever plate example is used to test the formulation in the large defor-

mation regime. The problem setup is illustrated in Figure 16a. An external moment
M = 2πEI

L , where I and L are the plate moment of inertia and length, respectively, is
applied at the tip. The expected plate deformation is such that the final configura-
tion is a circle. The moment is modeled by two pairs of forces in opposite directions
which follow the deformation. The plate is discretized by ten quintic NURBS el-
ements of full continuity and the strip stiffness is chosen as Es = E × 103. A C0

line is introduced in the interior of the plate and the bending strip is added to the
structure. Figures 16b and 16c show that the bending strip method also works well
for very large deformations, as the cantilever plate deforms into a circle.

5.2.2. Twisted plate

(a) (b)

(c) (d)

Figure 17: Twisted plate. (a) Initial configuration. The twisting moment is represented by a pair of
follower forces acting in opposite directions. (b) Twisted by 90◦. (c) Twisted by 180◦. (d) Twisted
by 360◦.

Here the plate from the previous example is subjected to a pure twisting mo-
ment, which is also represented by a pair of follower forces with opposite direc-
tions. Quadratic basis functions are used in the width direction so that straight
cross-sections, which are to be the expected, are not defined ab initio. Quintic
NURBS are employed in the long direction. The results are compared to the refer-
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ence results from the beam theory, i.e. Mt = θGIt
L , where Mt is the torsional moment,

θ is the twist angle at the tip, G is the shear modulus, It is the torsion constant, and L
is the plate length. Using the above relationship, we apply the moment at the tip of
the plate and compare the resultant twist angle to the expected one. We computed
three cases corresponding to 90◦, 180◦, and 360◦ rotations. The results are collected
in Figure 17 and the correct deformations are obtained in all cases. Also, in the de-
formed configuration, the plate cross-sections remain straight, which is consistent
with the beam theory.

5.3. Application to a wind turbine rotor

Figure 18: Wind turbine rotor. Problem description.

The problem setup and boundary conditions are shown in Figure 18. The ge-
ometry of the wind turbine rotor, based on the data reported in [42], is modeled
using quadratic NURBS. A unidirectional E-glass/epoxy composite is used for the
rotor blade material, and the corresponding orthotropic elastic moduli are given in
Table 1. Only one rotor blade is considered in the analysis and its shell thickness
distribution is presented in Figure 19a. A 16-patch NURBS model of the blade with
bending strips is shown in Figure 19b. The blade is subjected to a wind load corre-
sponding to 16 m/s wind obtained from a separate fluid mechanics simulation [43].
The blade deflects under the action of the wind and the deflection result is presented
in Figure 19c. Maximum displacement occurs at the tip of the blade and equals to
2.96 m, which is a realistic value for this design and wind load levels.
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(a) (b) (c)

Figure 19: A single wind turbine rotor blade. (a) Shell thickness distribution. (b) A 16-patch NURBS
model with bending strips. (c) Reference and deformed configurations.

E1 (GPa) E2 (GPa) G12 (GPa) ν12

39 8.6 3.8 0.28

Table 1: Material properties of a unidirectional E-glass/epoxy composite [44].
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Comparing the results for hierarchical shell and solid elements, it is evident that they are almost identi-

cal. A degree of 2 in thickness direction is needed for a precise computation of the displacement of point A.

In [24] it was shown that for a linear elastic problem a degree of 1 in thickness direction is quite sufficient.

However, the volume locking effect, arising in elastoplatic computations, calls for a higher polynomial de-

gree in thickness direction. The small deviation between the results of the solid and the shell element may be
due to the different number of integration points.

4.2. A hemispherical shell with stiffener

As a further example we consider a hemispherical shell including a stiffener. Geometry, boundary con-

ditions and material parameters of linear elasticity are depicted in Fig. 12. The cylindrical stiffener with a

square cross-section is hard simply supported at the bottom surface. The structure is subjected to self-

weight and a pressure q is acting on the outer surface of the shell and stiffener. Due to symmetry only a
quarter of the system has to be considered.

Two different discretizations will be compared: the hierarchic shell approach as well as the finite element

formulation based on hexahedral elements. In the latter case, the mesh is strongly refined towards the inter-

section of the shell and the stiffener, where stress singularities are to be expected due to reentrant corners.

The corresponding finite element mesh, consisting of 117 hexahedrals, is depicted in Figs. 13(b) and 14(b).

Fig. 12. Hemispherical shell with stiffener.

E. Rank et al. / Comput. Methods Appl. Mech. Engrg. 194 (2005) 2494–2512 2505

Figure 20: Hemispherical shell with a stiffener. Problem setup from [45]
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t=0.1

  bending strips covering the 
  whole area of the interface

Figure 21: Hemispherical shell with a stiffener. Solid-shell coupling using bending strips.

(a) Mesh 1 (b) Mesh 2

Figure 22: Hemispherical shell with a stiffener. Meshes employed for a p−refinement study.
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Figure 23: Hemispherical shell with a stiffener. Displacement convergence at point B.

6. Bending strip method for coupling of shells and solids

The need for coupling of shells and solids arises in many structural mechan-
ics applications. This situation presents a computational challenge, because a) a
shell often makes use of rotational degrees of freedom, which cannot be directly
transfered to the solid, and b) a shell is modeled by its midsurface, which is a set
of measure zero that may introduce singularities in the solid, and requires special
treatment. In this section, we propose to extend the bending strip approach for the
coupling of rotation-free shells and solids. The method consists of connecting a
solid and a shell along a line in a C0-compatible fashion, and adding bending strips
that cover the area of the their intersection. This necessitates the use of bending
strips with more than one quadratic element in the transverse direction and as many
control points as the solid has in the overlap region. As a result, the strip does not
disappear under mesh refinement and its width stays finite and equal to that of the
overlap region.

We use the “hemispherical shell with a stiffener” problem presented in Rank
et al. [45] to illustrate our approach. The problem setup is depicted in Figure 20.
Rank et al. have used two different methods to solve this problem: a) a hierarchical
shell approach where both shell and stiffener are modeled with high-order shell ele-
ments and b) a 3D solid formulation for both shell and stiffener based on p−version
hexahedral finite elements. Here we use a hybrid approach, in which we model the
stiffener as a 3D solid and the hemisphere as a Kirchhoff-Love shell. Four solid
patches are used to model the stiffener. They are connected with C0-continuity in
places that correspond to the shell midsurface and its two outer surfaces. Figure 21
illustrates the shell-solid intersection and the bending strips. The dashed lines show
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the real 3D dimensions of the shell while its midsurface is depicted by a solid line.
The bending strips, placed on both sides of the shell, cover the entire overlap region.

A p−refinement study was performed using two different NURBS meshes. The
results for the displacement at point B, located at the tip of the shell, are compared
to those of [45]. Figure 22 shows the meshes. In both cases, two cubic elements are
used in the circumferential direction. The stiffener cross section is discretized using
6×6 rectangular elements. Mesh 1 and Mesh 2 use 8 and 16 elements, respectively,
in the meridian direction (see Figure 22). In the p−refinement study, the polynomial
degree was raised from quadratic to quintic for both the shell and stiffener. No
refinement was necessary in the circumferential direction due to axisymmetry. The
displacement at point B is plotted in Figure 23. Rapid convergence to the reference
value is observed for both discretizations.

7. Choosing a reliable bending strip stiffness

Here we revisit several numerical examples from the previous section and exam-
ine the behavior of the solution for a wide range of the bending stiffness values. This
is done in an effort to gain initial understanding of its effect on the solution as well
as to give a recommendation as to what values to chose in practical computations.

7.1. Cantilever plate

Figure 24: A two-patch model of a cantilever plate connected with a bending strip in a displaced
configuration.

We again consider a simple cantilever plate, which is cut into two patches at the
middle of its length (see Figure 24). The displacement at the tip of the cantilever
is computed for different values of Es, and is compared to the reference solution
from the linear beam theory. The results are collected in Figure 25. For all ratios
Es/E ≥ 103 the relative error is less than 10−3. We would like to note that despite a
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Figure 25: Cantilever plate tip displacement as a function of the bending strip stiffness.

considerable overlap between the bending strip and the two patches, no additional
stiffness of the structure is introduced. The strip merely enforces G1-continuity at
the patch interface.

7.2. L-shaped cantilever
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Figure 26: L-shape cantilever. Relative change in the angle between two patched at the cantilever
tip as a function of the bending strip stiffness.

In the following study, the cantilever shown in Figure 2a is computed for differ-
ent stiffness values of the strip, and the change in the angle between the two patches
at the tip is recorded. The strip stiffness Es is chosen as Es = E × 10α, and the com-
putations were performed for α = 0, ..., 10. The results are collected in Figure 26.
The change in the angle decreases with increasing α, as expected. For stiffness ratio
Es/E = 103, the relative error is less than 10−3. Further computations reveal that
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the solution becomes unstable for strip stiffness ratio Es/E > 1013. This suggests
that there is a relatively large range of α for which the bending strip method yields
correct and stable solutions.

7.3. V-shaped arch

Figure 27: A three-patch model of a V-shaped arch created in Rhino [46] and exported to the isoge-
ometric shell analysis software via an user-implemented plugin.

(a) (b)

Figure 28: V-shaped arch. Deformed configuration due to a constant load applied to the top patch.
(a) Results without bending strips. (b) Results with bending strips.

This example is a geometrically more complex problem than the L-shaped can-
tilever described above. The geometry, created in a NURBS-based CAD program
Rhino [46], consists of three NURBS patches and is shown in Figure 27. The arch
is fixed at its ends and subjected to a constant load applied to the top patch. A user-
implemented Rhino plugin [47] is employed to set up the model and export it to
the isogeometric analysis software. The geometry is further refined in the analysis
code, and the resulting deformations with and without bending strips are shown in
Figure 28. Note that in the case of no bending strips the deformation is non-physical
in that the C0 line produces unintended “hinge” effect.
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Figure 29: V-shaped arch. Relative angle change as a function of the bending strip stiffness.

The computation is done for different bending strip stiffness values and the rel-
ative change of angle between patches is monitored. In this case, the angle is mea-
sured at ten equally distributed sampling points on each patch interface, and the
maximum error is plotted in Figure 29. Note that for Es/E ≥ 103 the maximum
relative error is less than 10−3.

7.4. Hemispherical shell
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Figure 30: Pinched hemisphere. Displacement under the point load as a function of the bending strip
stiffness.

Different bending strip stiffness values are also studied on the hemishperical
shell example with the polynomial degree of the shell fixed at p = 4. In this
problem there are significant differences in the element sizes (small elements at the
pole and large elements at the rim of the hemisphere), which negatively affect the
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conditioning of the stiffness matrix. The high bending strip stiffness is expected to
increase the condition number of the stiffness matrix further, leading to a narrower
range of stiffness ratios for which the solution is accurate and stable. This effect
can be observed in Figure 30. For 102 ≤ Es/E ≤ 105 the reference solution is
obtained. But for ratios Es/E ≥ 106 the stiffness matrix is badly conditioned and
the solution becomes unstable.

The above examples indicate that, for problems where the load carrying behav-
ior at the patch interface is dominated by bending, it is important to choose the
bending strip stiffness values to be not too low. On the other hand, choosing a too
high stiffness value may lead to numerical problems caused by bad conditioning
of the equation system. For all problems presented in this paper, the bending strip
stiffness in the range of 103 ≤ Es/E ≤ 105 yields reliable and stable results.

8. Conclusions

A new bending strip method is presented to handle multi-patch isogeometric
discretization of the rotation-free Kirchhoff-Love shells. The method is efficient,
simple to implement, and is applicable to a large class of multi-patch shell geome-
tries. G1-continuous patch intersections as well as patches meeting at a kink are
handled in a unified manner. The bending strip approach was tested on a set of
well-known benchmark examples, both in the linear and geometrically non-linear
regime, and very good results were obtained in all cases. An application to a wind
turbine rotor subjected to wind loads coming from a separate fluid mechanics com-
putation is also shown. The method is further extended to the coupling of shells and
solids, for which accurate numerical results are attained.
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[36] J. Linhard, R. Wüchner, and K.-U. Bletzinger. “Upgrading” membranes to
shells–The CEG rotation free shell element and its application in structural
analysis. Finite Elements in Analysis and Design, 44:63–74, 2007.

[37] K.-U. Bletzinger, S. Kimmich, and E. Ramm. Efficient modeling in shape
optimal design. Computing Systems in Engineering, 2:483–495, 1991.

[38] T. Belytschko, W.K. Liu, and B. Moran. Nonlinear Finite Elements for Con-
tinua and Structures. Wiley, 2000.

[39] D.F. Rogers. An Introduction to NURBS With Historical Perspective. Aca-
demic Press, San Diego, CA, 2001.

[40] J.A. Cottrell, T.J.R. Hughes, and Y. Bazilevs. Isogeometric Analysis: Toward
Integration of CAD and FEA. John Wiley & Sons, Ltd, New York, NY, 2009.

[41] T. Belytschko, H. Stolarski, W.K. Liu, N. Carpenter, and J.S.-J. Ong. Stress
projection for membrane and shear locking in shell finite elements. Computer
Methods in Applied Mechanics and Engineering, 51:221–258, 1985.

[42] J. Jonkman, S. Butterfield, W. Musial, and G. Scott. Definition of a 5-MW
reference wind turbine for offshore system development. Technical Report
NREL/TP-500-38060, National Renewable Energy Laboratory, Golden, CO,
2009.

[43] Y. Bazilevs, M.-C. Hsu, D.J Benson, and T.E. Tezduyar. Computational fluid-
structure interaction for wind energy applications. In Proceedings of the III
International Conference on Computational Methods in Marine Engineering
(MARINE 2009), Trondheim, Norway, June 2009.

[44] I.M. Daniel and O. Ishai. Engineering Mechanics of Composite Materials,
2nd ed. Oxford University Press, New York, NY, 2005.
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