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Using molecular dynamics simulations, we create an unprecedented scenario in graphene nanoribbons:
co-existence of two heat currents in opposite directions at the same location. One heat current is
carried by flexural mode phonons, and the other one by transverse/longitudinal modes phonons in
the opposite direction. The local apparent thermal conductivity (κapp) varies in a very large range:
−468 to 1434 W/m K. The negative κapp does not violate the second law of thermodynamics. It is a com-
bined effect of the much higher thermal conductivity of flexural mode phonons and the weak coupling
between them and transverse/longitudinal modes phonons.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Graphene is a two-dimensional (2D) material that exhibits ex-
ceptional electric and optical properties [1,2]. The high electron
mobility and thermal conductivity of graphene are of great in-
terest for interconnects, electronic devices and radio frequency
devices [3,4]. Similar to carbon allotropes like graphite and car-
bon nanotubes, graphene possesses high basal plane thermal con-
ductivity due to its strong covalent bonding, light atomic weight
and large crystalline domains [5]. Balandin et al. [6,7] reported
extremely high thermal conductivity (κ ) values in the range of
4840 ± 440 to 5300 ± 480 W/m K for mechanically exfoliated sin-
gle layer graphene at room temperature (RT). Several groups have
since measured the thermal conductivity of suspended graphene
using different methods [4,8–10]. Their measured κ values range
from 1800 W/m K to 5150 W/m K near RT. While for supported
monolayer graphene, much lower κ values have been measured at
∼600 W/m K at RT due to the flexural phonon coupling with the
substrate [9,11]. The experimental work on the thermal conductiv-
ity of graphene stimulated extensive numerical work on this sub-
ject. Using classical molecular dynamics (MD) simulation, Hu et al.
[12] calculated the thermal conductivity of symmetric graphene
nanoribbons (GNRs) with dimension of 1.5×5.7 nm2 to be around
2100 W/m K at 400 K. Evans et al. [13] reported a thermal con-
ductivity at ∼6000 W/m K for graphene sheet with dimensions of
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10 × 10 nm2 at 300 K. Other groups using equilibrium molecu-
lar dynamics (EMD) [14] and non-equilibrium molecular dynamics
(NEMD) [15] came up with much lower thermal conductivities at
630 W/m K and 218 W/m K respectively for isolated graphene and
armchair GNR at 300 K.

For a long time it has been tacitly accepted that the in-
plane acoustic phonons are dominant in the thermal transport
of graphene [16–19], recent studies have shown that the fact is
quite different. Saito et al. [20] calculated the ballistic thermal
conductance of graphene by investigating the dispersion relation
of phonons and electrons. They demonstrated that the ballistic
phonon conductance of graphene below about 20 K is mainly de-
termined by the out-of-plane acoustic mode (ZA branch) and the
in-plane acoustic modes (LA and TA branches) cannot be ignored
above 20 K. By measuring the thermal transport of single layer
graphene (SLG) supported on amorphous SiO2, Seol et al. [11,
21] performed a revised calculation and they showed that the ZA
branch can contribute as much as 77% at 300 K and 86% at 100 K
of the calculated thermal conductivity for suspended graphene
due to the high specific heat and long mean scattering time of
ZA phonons. Based on the exact numerical solution of the lin-
ear Boltzmann transport equation, Lindsay et al. [22,23] calculated
the lattice thermal conductivity (κL ) of graphene at 300 K and it
turned out that the dominant contribution to κL comes from the
ZA branch, which is greater than the combined TA and LA con-
tributions. A symmetry-based selection rule and the anomalously
large density of states of flexural phonons are used to explain
their results. This unique feature in graphene’s thermal conductiv-
ity gives rise to many peculiar properties of its thermal transport.
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Our previous study revealed the fact that in a GNR system, the
ZA branch has much higher thermal conductivity than the LA and
TA branches [24,25]. Also, ZA ↔ ZA energy transfer is much faster
than the ZA ↔ LA/TA phonon energy transfer. Using MD simula-
tions, we have shown that under the influence of a moving or
static localized heat source, the flexural mode (FM) phonons dissi-
pate heat much faster than the longitudinal mode (LM) and trans-
verse mode (TM) phonons, which gives rise to an energy inversion
phenomenon at the system level [26]. Besides, due to the high
thermal conductivity of flexural mode (ZM) phonons in GNRs, en-
ergy separation is observed between the in-plane and out-of-plane
phonon modes after a steady state heat flux (q′′) is imposed on the
system. Such energy separation can hold for about 50 nm from the
heating region.

The differential form of Fourier’s law of heat conduction is ex-
pressed as q′′ = −κ · ∇T , where q′′ is the local heat flux, κ the
material’s thermal conductivity and ∇T the temperature gradi-
ent. The minus sign indicates the heat current flows from higher
temperature regions to lower ones. For bulk materials, κ is size in-
dependent and only determined by the material’s composition and
structure. While for micro/nanoscale materials, κ is also affected
by parameters like dimension and boundary condition. Non-Fourier
thermal transport in micro/nanoscale materials has been stud-
ied extensively by previous research [27,28]. Generally, in order
to define the local temperature, mode-wide thermal equilibrium
among different phonon modes should be reached. However, since
the thermal conductivities of different phonon modes in graphene
have huge differences, it is possible that there is mode-wide en-
ergy difference during steady state heat conduction in graphene. In
such scenario, the definition of temperature is no longer accurate
to describe graphene’s local energy level. And strictly speaking,
thermal conductivity is also not well defined. Therefore, a nominal
temperature (E T ) with unit K and apparent thermal conductivity
(κapp) with unit W/m K are brought up to give a better description.

In this work, phonon thermal transport in GNRs is investigated
by using MD simulation. A peculiar heating and cooling technique
is developed to induce mode-wide energy difference during steady
state heat conduction. The unique thermal properties of GNR en-
able it to support a bi-directional heat transfer in the system.
And when the bi-directional heat conduction reaches steady state,
a single thermal conductivity cannot be used to reflect the relation
between the heat flux and the temperature gradient. The calcu-
lated thermal conductivities are dependent on the net heat fluxes
and the κapp of graphene are calculated at positive, negative, zero
and infinite values, depending on the proportions of each phonon
mode energy added/subtracted to/from the heating/cooling areas.

2. Basis of physical problem and modeling

The second generation of Brenner potential [29]: reactive em-
pirical bond-order (REBO), based on the Tersoff potential [30,31]
with interactions between C–C bonds is applied in our MD simula-
tion. In this work, the GNR systems have zigzag boundaries in the
width direction and armchair boundaries in the length direction.
Definitions of the zigzag and armchair boundaries can be literally
understood and are depicted in Fig. 1(c). The edge carbon atoms
are not hydrogen-passivated. Atomic configuration of the GNR sys-
tem is shown in Fig. 1. The outermost layer of carbon atoms at
each end (denoted in black) are fixed to avoid the spurious global
rotation of the GNRs in the simulation [32]. Free boundary con-
ditions are applied to the x and z directions. To compare the en-
ergy evolution of different phonon modes and the whole system,
a nominal temperature Ei defined as Ek,i/(1/2)kB with unit K is
used to represent the energy values in each phonon mode and a
value ET defined as Ek,T /(3/2)kB with unit K stands for the sys-
tem’s total energy. Here Ek,i is the kinetic energy of carbon atoms
for phonon mode i (i = TM, LM, or FM); Ek,T is the total kinetic
energy of carbon atoms and kB is the Boltzmann constant.

Within the linear response regime, one would expect from
Fourier’s law of heat conduction that q′′ changes proportionally
with ∇T . However, in many low dimensional systems [33–37], it
is found that q′′ decreases with an increasing temperature bias
(�T ), which is known as negative differential thermal conduc-
tance (NDTC). Recent study by Hu et al. [33] revealed a tunable
NDTC in rectangular and triangular GNRs, which results from the
competition between decreasing κ and increasing �T beyond lin-
ear response regime. They demonstrated that the NDTC in GNR is
caused by its temperature dependent thermal conductivity. How-
ever, it is worth noting that the thermal conductivity of GNR is
not only temperature dependent, but also deviates much among
in-plane and out-of-plane directions [11,20,22,24]. Therefore, it is
of great interest to explore the peculiar thermal properties brought
up by the thermal conductivity deviations among different phonon
modes. Inspired by the strong mode-wide difference in sustaining
thermal transport in GNR, bi-directional heat transfer in a rectan-
gular GNR is explored in this work (as shown in Fig. 1). Four layers
of carbon atoms at each end of the GNR system is grouped to
add/subtract kinetic energy to/from the out-of-plane phonon mode
(EFM) and in-plane phonon modes (ELM and ETM) respectively. In
traditional non-equilibrium molecular dynamic methods for ther-
mal conductivity calculation, the hot and cold regions are created
in the simulation domain by adding kinetic energy �Ek in the hot
region and removing the same amount from the cold one while
preserving linear momentum at each time step. The velocity of
each atom is rescaled by the same factor χ . In this work, we use a
modified velocity rescaling method to control the energy variation
for each phonon mode, i.e., instead of adding/subtracting kinetic
energy to all phonon modes, we manage to add kinetic energy only
to the specified phonon mode and subtract kinetic energy from
the others in the same region. Specifically, by adding kinetic en-
ergy to EFM while subtracting kinetic energy from ELM and ETM at
the left end of GNR and doing the opposite at the right end, a bi-
directional heat conduction phenomenon is observed. This physical
process is demonstrated in Figs. 1(a), (b) and (c). The local nominal
temperature along the GNR is calculated from the kinetic energy of
the three phonon modes averaged for 50 ps.

In this work, the phonon–phonon couplings among different
phonon modes are considered in the graphene system naturally
since the MD simulation tracks the full movement of each atom
and the inter-atomic interaction. In our previous study [26], it
has been demonstrated that the energy coupling between TM and
LM phonons is much faster than that between TM/LM and FM
phonons. At temperature ∼80 K, it is calculated that the phonon
relaxation time between FM and TM/LM is 4.7 times larger than
that between TM and LM, meaning the energy transfer between
TM/LM and FM is much slower than that between TM and LM.
Also, it is concluded that the energy coupling between FM and
TM/LM phonons is not constant against their energy level: the cou-
pling becomes stronger when the phonon energy is higher.

3. Results and discussion

3.1. Negative apparent thermal conductivity in GNR

A GNR with dimensions of 2.0 × 50.1 nm2 (x × y) is built. Af-
ter 400 ps canonical ensemble (NVT) and 150 ps microcanonical
ensemble (NVE) calculations, the system reaches thermal equi-
librium at temperature 50 K. In our previous studies on GNR’s
thermal conductivity, we showed that quantum correction is of
great importance to graphene’s temperature and thermal conduc-
tivity calculations [24]. The MD temperature 50 K we used in this
work corresponds to ∼300 K after quantum correction, which is
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Fig. 1. Atomic configuration for studying the bi-directional heat conduction in graphene nanoribbons. The outermost layer of carbon atoms at each end (denoted in black)
are fixed in position. (a) Kinetic energy is added to the FM phonons on the left side (red region) and subtracted from the right side (blue region). Heat current q′′

FM is
carried by FM phonons from left to right. (b) The in-plane longitudinal and transverse phonons are heated and cooled on the right and left sides respectively. Heat current
q′′

TM+FM is carried by TM/LM phonons from right to left. (c) By doing (a) and (b) simultaneously, a peculiar bi-directional heat conduction phenomenon in GNR is created.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this Letter.)
the room temperature in a lot of experimental work. If the system
temperature changes substantially, the energy coupling rates be-
tween in-plane and out-of-plane phonon modes will also change.
Details about this energy coupling change against temperature
were reported in our previous work [26]. For FM phonons, ki-
netic energy �Ėk,FM = 2.17 × 10−8 W is added to the left end and
subtracted from the right end of the GNR constantly for 400 ps,
while �Ėk,TM +�Ėk,LM = 1.96×10−8 W (�Ėk,TM = �Ėk,LM) is sub-
tracted from the left TM + LM phonons and added to the right end
TM + LM phonons of the GNR respectively for the same time span.
A parameter μ defined as �Ėk,FM/(�Ėk,TM + �Ėk,LM) is used to
represent the heating and cooling ratio between the out-of-plane
and in-plane phonons. In this case, μ equals 1.11. For simplicity,
the value (�Ėk,TM + �Ėk,LM) = 1.96 × 10−8 W (�Ėk,TM = �Ėk,LM)
remains constant for all the heating and cooling cases reported
in this work, and variations are made by changing �Ėk,FM . Since
the layer distance in graphite is 0.335 nm, we use this value as
the thickness for single layer graphene for thermal conductivity
evaluation [38,39]. The cross-sectional area (Ac) is calculated at
6.7 × 10−19 m2. Therefore the heat flux in the length direction
can be calculated from the equation q′′ = Q /Ac , from which the
net heat flux is calculated as 3.23 × 109 W/m2. The time step
is 0.5 fs for all graphene calculations. After 400 ps bi-directional
heating and cooling process, the heat conduction reaches steady
state. Then another 50 ps is calculated for data collection and av-
erage. Nominal temperature distributions along the GNR system
are shown in Figs. 2(a), (b) and (c). Fig. 2(a) shows the ET en-
ergy distributions along the GNR while Figs. 2(b) and (c) are for
the in-plane ETM/ELM and out-of-plane EFM phonons respectively.

First of all, we can see from Fig. 2(b) that ETM and ELM have a
positive gradient, meaning heat flux is negative (from right to left)
for these modes of phonon energy since the heat flux is driven
by temperature/energy differentials. On the other hand, EFM has a
negative gradient, meaning its heat flux is going from left to right.
This simultaneous bi-directional heat conduction is very unique,
and demonstrates, for the first time, that graphene as a unique
material can support two heat currents in opposite directions at
the same time. The main mechanism behind this phenomenon is
the weak energy coupling between ETM/ELM and EFM , and the
much higher thermal conductivity by FM phonons. Although the
FM mode has an energy differential from the transverse and lon-
gitudinal modes, due to the very weak energy coupling between
them, this energy differential can hold for a very long distance.
Consequently, the heat current sustained by the FM phonons can
be different from that sustained by the LM/TM phonons, in both
magnitude and direction.

Since q′′
FM (from left to right) is larger than q′′

TM+LM (from right
to left), the net heat flux of the system q′′

total is calculated at
3.23 × 109 W/m2 in the direction from left to right. Generally
speaking, under such condition one would expect that the tem-
perature decreasing direction is in the same direction as the total
heat flux. However, we clearly see in Fig. 2(a) that the positive
gradient of ET is from right to left, which is in the opposite direc-
tion of the total heat flux. This surprising phenomenon is caused
by the very different heat conduction capacity between FM and
LM/TM phonons. Although q′′

FM is larger in this case, since the FM
phonon sustains a much higher thermal conductivity, the tempera-
ture/energy gradient of FM phonons is smaller. On the other hand,
even q′′

LM+TM is smaller, the low thermal conductivity sustained
by LM + TM phonons requires a larger temperature/energy gradi-
ent to sustain this heat flux. Therefore, at the system level, we
see the heat flux direction is opposite to the prediction based on
the overall energy gradient. According to Fourier’s heat conduction
equation, the apparent thermal conductivity κ1.11 is calculated at
−90.5 W/m K by linear fitting the ET profile. The concept of ther-
mal conductivity at nano/sub-nanoscales is not the same as that
in the macroscopic space. It is more accurate to regard it as an
effective thermal conductivity which represents the thermal trans-
port capability at microscopic scales. This concept has been widely
used in previous studies at micro/nanoscales [27,28].

Here we would like to stress this negative apparent thermal
conductivity does not violate the second law of thermodynam-
ics, nor does it tell the thermal conductivity can be negative for
graphene. As discussed above, for each phonon mode, the heat
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Fig. 2. Negative and positive κapp calculations in the graphene system. (a), (b),
(c) Nominal temperature distributions for μ = 1.11. The ET gradient and q′′

total are
in opposite directions, which indicates a negative κapp . (d), (e), (f) Nominal temper-
ature distributions for μ = 0.75. In this case, q′′

total is in the same direction as the
ET gradient and a positive κapp is calculated.

current still flows from higher energy level to lower one, mean-
ing its thermal conductivity is still positive. The negative apparent
thermal conductivity originates from two factors: the very weak
coupling between the FM and LM + TM phonons, and the much
larger thermal conductivity sustained by FM phonons than that
by LM + TM phonons. It tells one very important phenomenon
in graphene: if there is phonon energy differential/separation be-
tween FM and LM + TM phonons during heat conduction, the local
thermal conductivity based on Fourier’s law of heat conduction
will be different, depending on how much difference between the
FM and LM + TM phonon energies, in both magnitude and gra-
dient. The apparent thermal conductivity of graphene can be ex-
pressed as κapp = (κTM ·∂ ETM/∂ y +κLM ·∂ ELM/∂ y +κFM ·∂ EFM/∂ y)/

[(∂ ETM/∂ y+∂ ELM/∂ y+∂ EFM/∂ y)/3]. Only when the three phonon
modes have the same temperature gradient in space, the thermal
conductivity of graphene is the sum of the three modes thermal
conductivities. Otherwise, the thermal conductivity of graphene
will vary, depending on the extent of energy separation among
phonon modes. More elaboration on this argument will be detailed
in the following sections.

For comparison, another bi-directional heat conduction case
with μ = 0.75 is also calculated. All the calculation procedure
and parameter settings are the same as the first case except for
�Ėk,FM = 1.47 × 10−8 W. The nominal temperature distributions
of the system are shown in Figs. 2(d), (e) and (f). In this case, the
net heat flux is calculated at −7.34 × 109 W/m2 (from right to
Fig. 3. Atomic velocity distributions for individual phonon mode in the 2.0 ×
50.1 nm2 GNR system at 12.5 nm region. Sound agreements between the MD sim-
ulation and Maxwellian velocity distributions are observed.

left), which is in the same direction as the negative gradient direc-
tion of ET . The apparent thermal conductivity κ0.75 is calculated at
139.6 W/m K. In the above two cases, both positive and negative
κapp are observed in the GNR system. In the following discussions,
more bi-directional heat conduction cases with different μ values
are calculated to explore the condition under which a negative κapp

will appear.
As mentioned in the above discussions, after 400 ps bi-

directional heating and cooling process, the heat conduction in the
2.0 × 50.1 nm2 GNR reaches steady state and the nominal tem-
perature gradient for E T becomes constant. However, since there
are mode-wide energy differences between EFM and ETM/ELM , en-
ergy exchange happens among different phonon modes. Therefore,
it could be argued that the system has not yet reached ther-
mal equilibrium in respect of individual phonon mode. To show
that thermal equilibrium is established for both the GNR sys-
tem and individual phonon branch, atomic velocity distribution
at 12.5 nm, 25.0 nm and 37.5 nm locations in the length direction
of the 2.0 × 50.1 nm2 GNR is calculated for μ = 1.11. At ther-
mal equilibrium, the atomic velocity distribution should follow the
Maxwellian distribution

P M = 4π v2
(

m

2πkB T

)3/2

e−mv2/2kB T , (1)

where P M is the probability for an atom moving with a velocity v .
Since ETM , ELM and EFM have different values within each region,
the velocity distributions for each phonon mode are calculated. The
vTM , vLM and vFM distributions at 12.5 nm area are shown in Fig. 3,
which indicates a good agreement between the velocity distribu-
tion and the Maxwellian distribution. Although mode-wide energy
differences exist, each phonon mode has reached steady state heat
conduction, which also shows the validity of temperature/energy
use in the above calculations for each mode.

Error analysis is performed in our calculations. In this work,
all the graphene systems reach thermal equilibrium after 400 ps
canonical ensemble (NVT) and 100 ps microcanonical ensemble
(NVE) calculations. In the thermal equilibrium calculations, the sys-
tem temperature varies around the pre-set temperature 50.0 K.
Take the μ = 0.75 case as an example, after 500 ps thermal
equilibrium calculation, the average temperature of the system is
50.1 K and the standard deviation (σ ) of the system tempera-
ture variation is calculated at 1.2 K. Since the initial setup and
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Fig. 4. Nominal temperature distributions under steady state bi-directional heat conduction in the solid argon system. (a) The net heat flux is 1.60 × 108 W/m2 from right to
left. The thermal conductivity κ1 is calculated at 0.637 W/m K. The inset shows that the mode-wide energy separation only exists within the first 1 nm of the system and
the bi-directional heat conduction does not penetrate deep to the system. (b) No temperature gradient is observed when the net heat flux is zero. Atomic structure of the
solid argon system is shown in the inset. The outermost layer of argon atoms at each end (denoted in black) are fixed and free boundary conditions are applied to the x and
z directions. Then four layers of argon atoms at each end (denoted in red and blue) are grouped to add/subtract energy. (c) The net heat flux is 1.28 × 108 W/m2 from left
to right and thermal conductivity κ2 is calculated at 0.677 W/m K, which is consistent with κ1. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this Letter.)
calculation processes are the same for all the systems, the error
bar of temporal averaging will be around the same range, which is
±1.2 K.

Also, it is worth noting that this peculiar heating and cooling
method in the graphene system is created using MD simulations.
This work is aimed at studying the unique thermal properties of
graphene theoretically and pushing forward the science frontier.
Therefore the results cannot be totally reproduced in the exper-
imental studies. However, by using directional photon excitation
with an electromagnetic field, it is possible to increase the ther-
mal energy of graphene in certain phonon modes. For example,
if the FM phonon energy is excited at one end of the graphene
ribbon and TM/LM phonon energies are excited on the other end,
a bi-directional heat transfer model will be created in the system,
which is quite similar to the MD studies in this work.

3.2. Comparison study in solid argon system

Our interpretation of the negative κapp observed in the GNR
system is its much higher thermal conductivity by FM phonons,
and weak energy coupling between the FM and LM/TM phonons.
Therefore, for a normal material with the same thermal conductiv-
ity sustained by different phonon modes, the negative total tem-
perature gradient should always be in the same direction as the
net heat flux and its thermal conductivity should remain posi-
tive. To elaborate on this speculation, a solid argon system with
dimensions of 4.3 × 4.3 × 50.1 nm3 (x × z × y) is used to investi-
gate its κapp under steady state bi-directional thermal conduction.
Atomic configuration of the argon system is depicted in the inset
of Fig. 4(b). The outermost layer of argon atoms at each end is
fixed (denoted in black), and free boundary conditions are applied
to the x and z directions. Four layers of argon atoms at each end
of the system are grouped to add/subtract phonon energies. Since
the nearest neighbor distance rs in the fcc lattice of argon depends
on the temperature, we use the expression given by Broughton and
Gilmer [40] to initialize the rs value, which is calculated at 3.768 Å
at temperature 20 K. The interactions between argon atoms are de-
scribed by the 12-6 LJ potential φi j = 4ε[(σ /ri j)

12 − (σ /ri j)
6]. The

ε and σ are set as 0.01032 eV and 3.406 Å respectively and the
cut off distance rc is taken as 2.5σ . Time step is 5 fs for all calcu-
lations.

After 1 ns NVT and 500 ps NVE calculations, the argon sys-
tem reaches thermal equilibrium at temperature 20 K. Then bi-
directional heating and cooling process is performed for another
2 ns until the system reaches steady state heat conduction. An-
other 50 ps is calculated for the data collection and average.
The nominal temperatures in the x, y and z directions are de-
noted as ETM,x , ELM and ETM,z respectively. Three different cases
are calculated. Similarly, the �Ėk,LM +�Ėk,TMx (�Ėk,LM = �Ėk,TMx)
added/subtracted at each end is kept the same as 1.16 × 10−8 W
for all cases, while �Ėk,TMz are set as 8.71 × 10−9 W, 1.16 ×
10−8 W and 1.39 × 10−8 W. Their nominal temperature distribu-
tions are shown in Figs. 4(a), (b) and (c) respectively. Compared
with the GNR cases above, it is observed in the solid argon sys-
tem that the mode-wide energy differences only exist near the
heating and cooling regions. The energy differences only exist in a
very short distance (∼ 1 nm) from the heating and cooling regions
and the phonon energies then remain the same along the heat
conduction direction, indicating strong phonon energy couplings
among different phonon modes. Or we can say the bi-directional
heat conduction only exists in very small regions close to the ends,
then the heat conduction becomes one-directional. In Fig. 4(a),
it is seen that the net heat flux q′′

total and negative temperature
gradient follows the same direction from right to left. And by
linear fitting the ET distribution, thermal conductivity κ1 is cal-
culated at 0.637 W/m K. No temperature gradient is observed in
Fig. 4(b) when q′′

total equals zero. Fig. 4(c) gives similar conclu-
sions as Fig. 4(a) and the thermal conductivity κ2 is calculated
at 0.677 W/m K, which is consistent with κ1. Previous studies re-
ported thermal conductivity is around 1.4 W/m K for solid argon
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Fig. 5. Atomic velocity distributions under steady state bi-directional heat conduc-
tion in solid argon system. Different locations at 12.5 nm, 25.0 nm and 37.5 nm are
used in the calculation and the MD results soundly match the Maxwellian distribu-
tions.

at temperature 20 K [41–45]. Our calculated thermal conductivity
for solid argon is lower than the experimental results. The small
system size and the relative large surface/volume ratios contribute
to the boundary phonon scattering during thermal conductance,
which explains the slightly lower thermal conductivity calculated
here for argon. Such effect has been confirmed by Zhong et al. [46]
in their work, the thermal conductivity of a round argon wire of
4.3 nm diameter at 30 K was calculated to be 0.28 W/m K, much
lower than the bulk value of 0.78 W/m K. Atomic velocity distri-
bution in the solid argon system is also calculated and the results
for the �Ėk,TMz = 1.39 × 10−8 W case are shown in Fig. 5. Three
different regions at 12.5 nm, 25.0 nm and 37.5 nm in the length
direction are chosen. The MD results and the Maxwellian distri-
butions have sound matches, indicating that the argon system has
reached thermal equilibrium when the data are collected. Com-
pared with the GNR cases, no mode-wide energy differences are
observed under steady state heat conduction in the argon system
except a very small (1 nm) region adjacent to the heating/cooling
regions, and the thermal conductivity remains positive and consis-
tent for all calculations. This further demonstrates the fact that the
negative κapp in GNR is caused by significant mode-wide deviation
in thermal conductivity. To be specific, the FM phonon thermal
conductivity is much higher than those of LM and TM phonons.
The weak coupling between FM and LM/TM phonons is also an
important factor that contributes to the negative κapp in GNR.

3.3. κapp topology for graphene

By applying bi-directional heat conduction in GNR, both posi-
tive and negative κapp have been observed. To further explore this
unique thermal transport phenomenon of graphene, cases with
various �Ėk,FM values are calculated. Following the same calcula-
tion process and parameters in previous calculation, bi-directional
heat conduction systems with μ values of 0, 0.12, 0.24, 0.45, 0.75,
1, 1.05, 1.11, 1.17, 1.26, 1.32, 1.38, 1.41, 1.44, 1.5, 1.65 and ∞ are
calculated and their corresponding κapp values are plotted in Fig. 6.
The μ = ∞ case means no �Ėk,TM or �Ėk,LM are added/subtracted
to/from the GNR system and only �Ėk,FM is applied, while μ = 0
means the opposite. Several very interesting phenomena are found
in the κapp calculations. First of all, when μ equals 1, which means
the net heat flux q′′ is zero, a nominal temperature gradient with
total
Fig. 6. Apparent thermal conductivity topology for the 2.0 × 50.1 nm2 GNR system.
The upper x-axis represents the net heat flux in the GNR system and the lower
x-axis stand for the corresponding μ values. Negative κapp is observed when μ is
within the range 1.05–1.38.

a value of 0.04 K/m is observed in the ET distribution. Therefore,
the κapp of GNR has to be zero to satisfy the Fourier’s heat con-
duction equation. And when μ equals 1.41, a net heat flux of value
1.2 × 1010 W/m2 exists in the system. However, after the system
reaches steady state, the nominal temperature gradient is calcu-
lated at 4.2 × 10−4 K/m, which is small enough to be considered
zero. In such scenario, κapp is calculated to be infinite according
to Fourier’s law of heat conduction. Based on our calculations, it is
observed that when μ changes from 0 to 0.75, κapp is positive. As
μ becomes larger within the range of 1.05–1.38, κapp is negative.
Yet when μ changes from 1.44 to ∞, κapp turns out positive again.
It is concluded that κapp of GNR is highly related with μ and the
negative κapp occurs only within a small range.

The physical meaning carried by the parameter μ indicates that
when μ is smaller than 1, the bi-directional heat conduction in
GNR is dominant by the in-plane LM and TM phonons, while when
μ is larger than 1, the heat conduction is dominant by the out-
of-plane FM phonons. It is observed that if the LM/TM phonon
conduction is dominant, an overlap area among FM, LM and TM
phonon energies exists at steady state. As μ increases, the overlap
regions become smaller and when μ is larger than 1, no energy
overlap is observed. To give a better description, nominal tempera-
ture distributions for μ values of 0.24, 0.75, 1.2 and 1.5 are shown
in Fig. 7. The reasons for this phenomenon are the high thermal
transport capacity of the FM phonons in GNR and the weak en-
ergy coupling between the FM and LM/TM phonons. Since the FM
phonons have a much higher thermal conductivity in GNR, the
thermal energies carried by the FM phonons will be transported
to the heat sink much faster than those of LM and TM phonons.
Therefore, if the same amount of thermal energy is added/sub-
tracted to/from the FM and TM/LM phonons, the local EFM values
will eventually be smaller than the ELM/ETM along the heat con-
duction direction. Under this condition, the LM/TM phonons will
keep transferring energy to the FM phonons as long as mode-wide
energy differences exist. However, if the LM/TM phonon conduc-
tion is dominant in GNR (μ < 1), the FM phonons will only be
assigned with a small portion of the total heat conduction. The
temperature/energy gradient of FM phonons will be very small.
Therefore a smaller energy difference emerges between FM and
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Fig. 7. Phonon energy evolutions for μ < 1 and μ > 1 cases. (a), (b) When the in-plane LM/TM phonon heat conduction is dominant (μ < 1), an energy overlap is observed
among different phonon modes. The length of the overlap region decreases with increasing μ. (c), (d) When the flexural phonon thermal transport is dominant (μ > 1),
there is no energy overlap among different phonon modes and the mode-wide energy separation increases with μ.
LM + TM phonons. This leads to an energy overlap among the
three phonon mode, as is shown in Figs. 7(a) and (b). Figs. 7(c)
and (d) demonstrate that when the FM phonon heat conduction is
dominant (μ > 1), the overlap will be suppressed. As the μ value
increases, more heat will be carried by the FM phonons and the
mode-wide energy differences will become larger and larger. This
growing energy difference will enhance the energy transfer from
ELM/ETM to EFM , which leads to a smaller nominal temperature
gradient for the ELM and ETM , as is shown in Figs. 7(c) and (d).
It is worth noting that when energy overlap happens among the
in-plane and out-of-plane phonons, the bi-directional heat con-
duction does not exist over the entire length and only exists in
the energy separation regions. In other words, mode-wide energy
separation is a necessary condition for the bi-directional heat con-
duction. Energy separation among phonon modes is a very impor-
tant phenomenon in graphene, even under normal heat conduction
conditions. More detailed analysis about energy separation, includ-
ing the effect of temperature jump/drop from heating/cooling re-
gions to the normal heat conduction region will be elaborated in
our near-future publications since this work is focused on the bi-
directional heat conduction and the apparent thermal conductivity
(κapp). In experimental studies, the value of μ can be changed by
varying the ratios of in-plane and out-of-plane energies added to
the graphene system.

3.4. Single-end bi-directional heat conduction and the length effect

To further explore the thermal behavior of graphene under
bi-directional heat conduction, a single-end heating and cooling
method is applied to the 2.0 × 50.1 nm2 (x × y) GNR system. This
time, only the left end of the GNR is used to apply the FM phonon
heating and LM/TM phonon cooling. The same method is also ap-
plied to a 4.3 × 4.3 × 50.1 nm3 (x × z × y) solid argon system
for comparison. After the GNR system reaches thermal equilibrium
at temperature 50 K, �Ėk,FM of value 1.96 × 10−8 W is added to
the left end and �Ėk,TM + �Ėk,LM (�Ėk,TM = �Ėk,LM) of the same
value is subtracted from the same region for 400 ps. Another 50 ps
is calculated for the data collection and average. The results are
shown in Figs. 8(a), (b) and (c). The nominal temperature distribu-
tions show that the thermal energy is carried by the FM phonons
from left to right and then carried back by the LM/TM phonons
from right to left. Since the kinetic energy added/subtracted has
the same amount at the left end, the net heat flux of the sys-
tem is zero. However, a nominal temperature gradient 0.025 K/m
is observed from the profile of ET , which indicates that κapp of
graphene is zero. As for the solid argon system, after it reaches
thermal equilibrium at temperature 20 K, bi-directional heating
and cooling is applied on the left end for 2 ns and the thermal
energy added/subtracted equals 1.16 × 10−8 W. The nominal tem-
perature distributions are shown in Fig. 8(d). It is found that the
nominal temperature gradient is zero, which satisfies the Fourier’s
heat conduction equation. For argon, only in a very small region
(∼1.0 nm) next to the left end that we found energy separation
between �Ėk,TMz and �Ėk,LM/�Ėk,TMx , meaning the bi-directional
heat conduction does not penetrate deep to the system.

The calculated high thermal conductivity values of graphene
suggest that the mean free path in GNR is long even at room tem-
perature. This may result in a strong length dependence of GNR’s
thermal conductivity. Therefore, the traditionally defined thermal
conductivity is no longer an intrinsic property of GNR. Instead, it
changes with the length. Thus it is necessary to explore the length
effect on the bi-directional heat conduction of GNR and observe
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Fig. 8. Nominal temperature distributions for the bi-directional heat transfer in GNR
and solid argon with one-end heating/cooling. The net heat flux equals zero for both
cases. For the GNR system, the nominal temperature gradient equals 0.0232 K/m,
which indicates a zero value κapp according to Fourier’s law of heat conduction.
While for the solid argon system at temperature 20 K, the temperature gradient is
calculated at zero.

the κapp change with length. A 2.0×100.0 nm2 (x× y) GNR is built
to compare with the former 2.0 × 50.1 nm2 case. When μ = 0.45,
κapp of 100.0 nm GNR is calculated at 487 W/m K, which is 16%
larger than that of 50.1 nm (408 W/m K). When μ = 1.14, the
calculated κapp of 100.0 nm GNR is −605 W/m K, which is 34%
larger than that of 50.1 nm (−451 W/m K). By comparing the re-
sults above, it is ready to conclude that the κapp values of GNR will
increase with length while preserving the signs.

To better analyze the thermal conductivity in the graphene sys-
tem, mean free paths for individual phonon modes are calculated
and the results are shown in Fig. 10. The phonon behavior in
graphene can be well understood from its dispersion relations in
the k-space. The dispersion relations are computed by taking the
two-dimensional Fourier transform of atomic vibration in the space
and the energy density in (ω,k) space is expressed as [47]:

ψ =
∣∣∣∣ 1

N

∫
vα exp(iky − iωt)dt dy

∣∣∣∣ (α = x, y, z), (2)

where N is the number of atoms in the system and y is the heat
conduction direction. The velocity vector is projected to the x, y
and z directions to calculate the phonon energy density for trans-
verse mode (TM), longitudinal mode (LM) and flexural mode (FM)
phonons respectively. Similar method has been used to analyze in-
dividual phonon properties for various material systems [47–52].
It has been demonstrated that Eq. (2) is a linear superposition
of Lorentzian functions with centers at phonon frequency ω0 [50,
53]:

ψ = C√[2τ (ω − ω0)]2 + 1
, (3)

where C is the combination of coefficients in the Lorentzian func-
tion and τ is the phonon relaxation time. By fitting the phonon
frequencies calculated from Eq. (2), the phonon relaxation time
can be calculated for different k values. Differentiation is then
performed on the dispersion relation profiles to find out corre-
sponding phonon propagating speed v for each τ . It is worth
noting that since k and ω are highly correlated in the recipro-
cal space, the phonon mean free path (l) can be directly calcu-
lated using the above method as ψ also centers at wave vec-
tor k0 as ψ = Ck/

√[2l(k − k0)]2 + 1. However, not all k values
are available in the calculation of dispersion relation. The mini-
mum increment of k depends on the size of the graphene sys-
tem. Therefore, a large simulation domain is needed to achieve
k grid with reasonable resolution, which dramatically increases the
computation time. In this work, a time range of 10 ps is used
in the calculation of graphene’s dispersion relation, correspond-
ing to a resolution of 0.2π THz in the ω-space. Since the thermal
transport in graphene is dominant by acoustical phonon modes
[4,6,14,36,46], only low frequency (0–20 THz) phonon spectrums
are calculated. Dispersion relations for the 2.0 × 50.1 nm2 GNR
system are shown in Fig. 9. The calculated results have sound
agreement with previous studies [54]. Phonon mean free paths
are calculated accordingly and the results are shown in Fig. 10.
It can be seen that the phonon mean free path is distributed
within the range 0–150 nm, smaller than previous reported value
(775 nm) [4] due to the confined dimension of graphene used in
this study. Qiu et al. [55] also calculated the phonon mean free
path of suspended GNR with dimensions of 4.4 × 4.3 nm2 and
their results are in the same range with those reported in our
work.
Fig. 9. Dispersion relations for the 2.0 × 50.1 nm2 GNR system. (a), (b), (c) represent transverse, longitudinal and flexural phonon modes respectively.
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Fig. 10. Mean free path of TA, LA and ZA phonon modes in k-space.

4. Conclusion

In this work, phonon thermal transport in GNR was investi-
gated under different FM and TM/LM phonon heating and cool-
ing using MD simulation. A nominal temperature represented by
the kinetic energy is used to evaluate the energy levels for each
phonon mode. Due to the phonon mode energy deviations at the
equilibrium state, the traditional thermal conductivity is not ap-
plicable. Instead, an apparent thermal conductivity (κapp) is used
in this work to represent the calculated κ from the Fourier’s Law.
Under such scenario, a negative apparent thermal conductivity is
possible since the temperature gradient and the overall heat flux
could be in opposite directions. It was observed that over a very
long distance (up to 100 nm), unprecedented bi-directional heat
currents emerged: FM and TM + LM phonons carried heat currents
in opposite directions at the same time. The very weak energy cou-
pling between FM and TM + LM phonons played a critical role in
this bi-directional heat conduction. Both positive and negative κapp

were observed under steady state bi-directional heat conduction
in GNR. The calculated negative κapp does not violate the second
law of thermodynamics because for each phonon mode, the heat
current still flows from higher energy level to lower one, meaning
its thermal conductivity is still positive. The negative κapp origi-
nated from two factors: the very weak coupling between the FM
and LM + TM phonons, and the much larger thermal conductivity
sustained by FM phonons than that by LM + TM phonons. It was
shown that thermal equilibrium was established for each phonon
mode during steady state heat conduction. The mode-wide energy
difference became greater when the heat current was dominated
by FM phonons. The topology of κapp for GNR was calculated with
different μ values. When μ was within the range 1.05 to 1.38, κapp

was negative. Zero and infinite κapp values were also observed dur-
ing the steady state bi-directional heat transfer in GNR. The length
effect on the bi-directional heat conduction was also explored and
the results showed that if the length of the GNR increases, κapp

will also increase while its sign remains unchanged.
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