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In this work, an analytical solution for thermoelastic waves in a metal induced by an
ultrafast laser pulse was formulated in the form of a Fourier series. The two-step heat
transfer model was applied to account for the thermal nonequilibrium between electrons
and the lattice during ultrafast pulsed laser heating. The coupling between the strain
rate and the temperature ®eld was also considered. Calculations were carried out to
study generation, propagation, and attenuation of thermoelastic waves induced by a
pico- and a femtosecond laser pulse. Results were compared with those obtained without
considering the two-step heat transfer e� ect.

In recent years, ultrafast pulsed lasers (lasers with a pulse width of the order of
picoseconds or less) are being rapidly developed. Many applications using ultrafast
lasers are being investigated, including micromachining (e.g., [1±5]), nondestructive
detection [6], and materials characterization [7±9]. Thermal phenomena induced by
ultrafast laser heating are di� erent from those induced by longer laser pulses. Due to
the extremely short heating time, modi®cations to the Fourier heat conduction
theory are necessary in order to predict the temperature ®eld correctly. One modi-
®cation is to consider the non-Fourier e� ect, which accounts for a thermal relaxation
time in the energy carrier’s collision process. At low temperatures, the non-Fourier
e� ect could cause a wave behavior of heat transfer [10±13]. The other modi®cation is
to employ the two-temperature (or two-step heat transfer) model [14] to account for
the fact that the photon energy is ®rst absorbed by the electron gas in a metal and is
then transferred to the lattice. Using this model, the temperature of the electron gas
was found to be much higher than that of the lattice during the initial period of
ultrafast laser heating [15±17].

During pulsed laser heating, a thermoelastic wave is generated due to thermal
expansion in the near surface region and propagates into the target. Because of the
extremely short heating time, the laser-induced thermoelastic wave has an extremely
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high strain rate, which in turn causes strong coupling between the strain rate and the
temperature ®eld. This coupling damps the stress wave during its propagation and
induces a localized temperature variation [13].

Thermoelastic waves induced by laser heating have been studied extensively.
Commonly, one seeks analytical solutions owing to the insu� cient resolution of
numerical techniques. A large amount of work has been conducted to solve
thermoelastic wave problems without including the non-Fourier e� ect or the two-step
heat transfer e� ect [18±29], while some recent investigations considered the non-
Fourier e� ect by introducing a single relaxation time or a dual phase-lag in the
coupled heat transfer and displacement equations [17, 30, 31]. Using Fourier series,
Wang and Xu developed an analytical solution to heat transfer and thermoelastic
waves in dielectrics with the consideration of the non-Fourier e� ect [13]. It was found
that the non-Fourier e� ect caused a higher surface temperature increase, a weaker
stress wave, and a second stress wave propagating at the same speed as the thermal
wave. Also, attenuation of the stress wave and expansion of its duration were pre-
dicted as a result of the coupling between the strain rate and the temperature ®eld.

In this article, the previous solution for a dielectric material [13] is extended to a
metal, and the thermal nonequilibrium between electrons and the lattice in laser-
metal interaction is considered. The solution is formulated in the form of a Fourier
series. The two-step heat transfer and the coupling between the strain rate and the
lattice temperature ®eld are also taken into account. The temperature ®eld develop-
ment and stress generation and attenuation are studied. In order to illustrate the
two-step heat transfer e� ect, the results are also compared with those obtained
without considering the two-step heat transfer.

THEORETICAL ANALYSIS

In this section, solutions to the thermoelastic wave in a metal induced by an ultrafast
pulsed laser are derived. First, the laser pulse energy is expressed as a Fourier series.
Thermoelastic waves induced by each laser energy term in the Fourier series are
derived and then summed to represent the thermoelastic wave induced by a laser
pulse. The laser ¯uence is chosen to raise the lattice temperature close to the melting
point in order to investigate the maximum possible stress before phase change occurs.

It is assumed that the repetition rate of the laser pulses is low. Therefore, the
in¯uence from the preceding pulses can be neglected, and the solution of the tem-
perature and stress wave re¯ects those of a single pulse [32±36]. A homogeneous half-
space metal is irradiated by a pulsed laser. The coordinate x is chosen to originate
from the surface and point toward the inside of the target. For the one-dimensional
problem, the governing equations for the temperatures of electrons and the lattice,
Te and Tl, and the lattice displacement u, consist of three coupled partial di� erential
equations [20, 37]
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In these equations, Ce and Cl denote the volumetric heat capacity of electrons and
the lattice, k is the thermal conductivity of the electron gas, r is the density, b is the
optical absorption coe� cient, bT is the volumetric thermal expansion coe� cient, B
and G are the bulk and shear moduli, and T0 is the initial temperature of the target.

Equation (1a) describes the electron temperature increase due to absorption of
the photon energy (bI exp(– bx)), heat di� usion (@(k@Te=@x)=@x), and transfer of
the electron energy to the lattice (Gel(Te – Tl)), which is proportional to the tem-
perature di� erence between electrons and the lattice. Equation (1b) governs the
lattice temperature increase due to energy transfer from the electron gas
(Gel(Te – Tl)) and the coupling between the temperature ®eld and the strain rate,
BbTT0@2u=(@x@t). Heat di� usion is not considered in Eq. (1b) since heat is con-
ducted much more rapidly through electrons than the lattice [37]. Equation (1c) is the
equation of displacement, which accounts for thermal expansion. Generation and
propagation of the elastic wave is due to lattice thermal expansion and vibration;
therefore only the lattice temperature appears in the displacement equation.

The coupling factor between electrons and the lattice, Gel; is calculated as [17]

Gel =
p4(nevskB)2

18k
(1d)

where ne is the density of free electrons per unit volume, ns is the speed of sound, and
kB is the Boltzmann constant. In this calculation, the value of Gel is obtained from
[17]. The ratio Ce=Gel represents a time constant for the electron-lattice interaction.
For gold, this time constant is 0.75 ps [17].

Thermophysical properties of electrons and the lattice are temperature depen-
dent. For instance, the speci®c heat, the thermal conductivity of electrons, and the
coupling factor between electrons and the lattice increase with the electron tem-
perature [38, 39]. However, it is not feasible to account for temperature dependency
of the properties in developing analytical solutions. In this work, constant properties
are used, which will a� ect the accuracy of the results. With this in mind, inter-
pretation of the results is focused more on the phenomena involved rather than
absolute numerical values.

By introducing ye = Te – T0, yl = Tl – T0, ce =
��������������������������������
(B ‡ 4=3 ¢ G)=r

p
, and

n = – BbT=(B ‡ 4=3 ¢ G), Eqs. (1a±1c) are rewritten as

Ce
@ye

@t
=

@

@x
k

@ye

@x

³ ´
– Gel(ye – yl) ‡ bIe– bx (2a)

Cl
@yl

@t
= Gel(ye – yl) – BbTT0

@2u

@x@t
(2b)

THERMOELASTIC WAVE IN METAL 459



1

c2
e

@2u

@t2
=

@2u

@x2
‡ n

@yl

@x
(2c)

Before heating, the sample is assumed to have a uniform temperature, no dis-
placement, and stress-free and the ®rst-order derivatives of temperature and
displacement to time are taken as zero. The surface of the sample is assumed to be
thermally insulated and stress-free. At x ! 1, the sample is ®xed and has no tem-
perature increase and stress. These initial and boundary conditions are expressed as

ye = 0 at t = 0; x ¶ 0 (3a)

yl = 0 at t = 0; x ¶ 0 (3b)

u = 0 at t = 0; x ¶ 0 (3c)

@ye

@t
= 0 at t = 0; x ¶ 0 (3d)

@yl

@t
= 0 at t = 0; x ¶ 0 (3e)

@u

@t
= 0 at t = 0; x ¶ 0 (3f )

@ye

@x
= 0 at x = 0; t > 0 (3g)

@yl

@x
= 0 at x = 0; t > 0 (3h)

@u

@x
‡ nyl = 0 at x = 0; t > 0 (3i)

As mentioned previously, the ®rst step to solving Eqs. (1±3) is to represent the
laser pulse intensity in terms of a Fourier series

I(t) = a0 ‡
X1

i= 1

(ai cos(ot) ‡ bi sin(ot)) (4)

where ai and bi are coe� cients of Fourier series, o = io0, and o0 = 2pf0 where f0 is
the repetition rate of the laser pulses. The temperature increase induced by I(t)
consists of two parts. One is the steady temperature increase, ye and yl, caused by a0

in Eq. (4); and the other one is the transient part, ~ye and ~yl, caused by all other terms
in Eq. (4). In the solution, the steady temperature increase is to be maintained at zero
at the beginning of each laser pulse.

Because of the linear relations among the temporal parts ~ye, ~yl, ~u, and I(t), as
long as the laser beam intensity is expressed with Eq. (4), ~ye, ~yl, ~u, and the stress s can
be written as

~ye =
X1

i= 1

(aiRe(~ye;i) ‡ bi Im(~ye;i)) (5a)
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~yl =
X1

i= 1

(aiRe(~yl;i) ‡ bi Im(~yl;i)) (5b)

~u =
X1

i= 1

(aiRe(~ui) ‡ bi Im(~ui)) (5c)

s =
X1

i= 1

(aiRe(~si) ‡ bi Im(~si)) (5d )

where ~ye;i, ~yl;i, ~ui, and ~si are the temperature increase of electrons and the lattice, the
lattice displacement, and the stress induced by a laser beam with a complex intensity
of exp( jot). Re and Im denote the real and imaginary parts of a complex number.
~ye;i, ~yl;i, ~ui, and ~si should vary with time in the same manner as the complex laser
intensity does; therefore, they have the form of ~ye;i = ye;ie

jot, ~yl;i = yl;ie
jot,

~ui = uie
jot, and ~si = sie

jot.
According to Eq. (2b), the electron temperature can be expressed in terms of the

lattice temperature, its time derivative, and the strain rate. Thus, combining Eqs. (2a)
and (2b) would eliminate the electron temperature from Eq. (2a). By introducing

c1 = jo ¢ (Cl ‡ Ce)=k – CeClo2=(kGel), c2 = 1 ‡ joCl=Gel, c3 = BbTT0=Gel¢
(Ceo2=k – joGel=k), c4 = joBbTT0=Gel, and g = b=k, the governing equations for

yl;i, ye;i, and ui are rewritten as

c1yl;i = c2

@2yl;i

@x2
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‡ c4
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@x3
‡ ge– bx (6a)
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³ ´
(6b)
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The boundary conditions for Eqs. (6) are the same as Eqs. (3g±3i).
Equations (6a) and (6c) are solved together since they are decoupled from ye;i.
Once yl;i and ui become available, ye;i can be solved from Eq. (6b). Due to the
inhomogeneous term g exp(– bx) in Eq. (6a), Eqs. (6a) and (6c) have particular
solutions in the form of ylp;i = Alp;i exp(– bx) and up;i = Bp;i exp(– bx), with Alp;i

and Bp;i solved as

Alp;i =
(b2 ‡ o2=c2

e ) ¢ g

(c1 – c2b2) ¢ (b2 ‡ o2=c2
e ) ‡ nb(c3b ‡ c4b3)

(7a)

Bp;i =
g

(c1 – c2b2) ¢ (b2 ‡ o2=c2
e)=nb ‡ c3b ‡ c4b3

(7b)

In addition, Eqs. (6a) and (6c) have general homogeneous solutions in the form
of ylg;i = Al;i exp(kix) and ug;i = Bi exp(kix), with Al;i, and Bi solved from the
boundary conditions. The ®nal solution can be expressed as
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yl;i = Al;1;ie
k1;ix ‡ Al;2;ie

k2;ix ‡ Alp;ie
– bx (8a)

ui = –
nk1;iAl;1;i

o2=c2
e ‡ k2

1;i

ek1;ix –
nk2;iAl;2;i

o2=c2
e ‡ k2

2;i

ek2;ix ‡ Bp;ie
– bx (8b)

where

k2
i =

c1 ‡ c3n – c2o2=c2
e §

���������������������������������������������������������������������������������������������
c1 ‡ c3n – c2o2=c2

e

¡ ¢2‡4(c2 – c4n)c1o2=c2
e

q

2(c2 – c4n)

(9a)

Al;1;i =
bAlp;ip2;i – p3;ik2;i

k1;ip2;i – k2;ip1;i
(9b)

Al;2;i =
k1;ip3;i – p1;ibAlp;i

k1;ip2;i – k2;ip1;i
(9c)

In these expressions, pj;i = – nk2
j;i=(o2=c2

e ‡ k2
j;i) ‡ n and p3;i = Bp;ib – nAlp;i with

j = 1, 2. Similar to the form of yl;i, ye;i can be expressed as

ye;i = Ae;1;ie
k1;ix ‡ Ae;2;ie

k2;ix ‡ Aep;ie
– bx (10)

where

Ae;1;i = c2Al;1;i ‡ k1;ic4B1;i (11a)

Ae;2;i = c2Al;2;i ‡ k2;ic4B2;i (11b)

Aep;i = c2Alp;i – bc4Bp;i (11c)

Using the preceding results, the stress induced by a laser intensity of exp( jot) is
expressed as

si = B ‡
4

3
G

³ ´
¢(ek1;ix(B1;ik1;i ‡ nAl;1;i) ‡ ek2;ix(B2;ik1;i ‡ nAl;2;i)

‡ e– bx(– bBp;i ‡ nAlp;i))

(12)

~ye;i, ~yl;i, ~ui, and ~si can be obtained by multiplying ye;i, yl;i, ui, and si with exp( jot). The
®nal solutions can be obtained by substituting ~ye;i, ~yl;i, ~ui, and ~si into Eqs. (5a±5d).

RESULTS AND DISCUSSION

Using the preceding solutions, calculations were conducted to investigate the tem-
perature ®elds and thermoelastic waves induced by a pico- and a femtosecond laser
pulse. The in¯uence of the two-step heat transfer on thermoelastic waves as well as
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the attenuation of thermoelastic waves due to the coupling between the strain rate
and the temperature ®eld were studied.

Gold Irradiated with a Picosecond Pulsed Laser

In this problem, a gold target is subjected to picosecond pulsed laser heating. The
picosecond laser is assumed to have a base pulse width of 50 ps and a peak intensity
of 1:342 £ 1013 W=m2 in the middle of the pulse. The peak laser intensity is chosen to
raise the surface temperature close to the melting point of gold, 1337 K. The wave-
length of the laser is taken as 0.8 mm, which is the wavelength of the Ti:sapphire pico-
and femtosecond laser. The optical absorption coe� cient of gold at 0.8 mm is
7:51 £ 107 m– 1. The properties of gold used in the calculation are listed in Table 1
[17, 42, 43].

In order to study the e� ect of two-step heat transfer, thermoelastic waves
without considering two-step heat transfer were also calculated based on existing
solutions [13].

Shown in Figure 1 are the temperature increase and the displacement at the
surface with and without the two-step heat transfer model. When two-step heat
transfer is considered, a large di� erence between the electron and lattice tempera-
tures is observed. The electron temperature increase reaches 4200 K at 25 ps, while
the maximum lattice temperature increase is only about 1000 K at 50 ps. Therefore,
even though the laser pulse width (50 ps) is much longer than the characteristic time
of electron-lattice coupling (0.75 ps), there is still a noticeable di� erence in their
temperatures. From Figures 1a, b it is seen that when two-step heat transfer is not
considered, the lattice temperature increase is overpredicted and reaches a higher
peak value (1700 K) within a shorter time. The reason for this is that a portion of
energy is conducted away by the electron gas before electrons and the lattice reach
thermal equilibrium, thereby resulting in the lower lattice temperature increase. Also,
it takes some time to transfer energy from electrons to the lattice. For the dis-
placement, it is seen that even though the peak displacements are the same in the two
cases, the two-step heat transfer model predicts a slower displacement variation with
time, which is caused by delayed heating. One interesting phenomenon is that the
variation of the electron temperature closely follows the temporal shape of the laser

Table 1 Properties of gold used in the calculation

r, Density (kg=m3) 1:93 £ 104

k, Thermal conductivity (W=m ¢ K) 3:15 £ 102

Ce, Volumetric heat capacity of the electron gas (J=m3 ¢ K) 2:1 £ 104

Cl, Volumetric heat capacity of the lattice (J=m3 ¢ K) 2:5 £ 106

b, Optical absorption coe� cient (1=m) 7:51 £ 107

G, Shear modulus (kg=s2 ¢ m) 2:85 £ 1010

B, Bulk modulus (kg=s2 ¢ m) 1:69 £ 1011

bT, Volumetric thermal expansion coe� cient (1=K) 1:42 £ 10–5

Gel , Lattice-electron coupling coe� cient (W=m3 ¢ K) 2:8 £ 1016
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pulse. This result is veri®ed by a numerical calculation (®nite di� erence), which
shows that the di� erence between the results of the two calculations is less than 2%.

Figure 2a shows the stress evolution when two-step heat transfer is considered.
A compressive stress appears ®rst, followed by a tensile stress. Comparing Figure 2a

Figure 1. Temperature increase and displacement at the surface of gold illuminated with a picosecond

laser (a) with the consideration of two-step heat transfer model and (b) without the consideration of two-

step heat transfer model.
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with 2b, it is seen that the amplitude of the thermoelastic waves calculated with the
two-step heat transfer model is lower than that without considering two-step heat
transfer. This is due to the lower peak surface temperature and slower displacement
variation when two-step heat transfer is considered.

Figure 2. Development of stress waves in gold illuminated with a picosecond laser (a) with the con-

sideration of two-step heat transfer and (b) without the consideration of two-step heat transfer.
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Stress waves in regions far from the surface are shown in Figure 3a. For com-
parison, the stress waves without considering two-step heat transfer are shown in
Figure 3b. Figure 3a shows that the amplitude of the stress wave at 30 ns is about
60% of that at 0.3 ns. This is due to the coupling between the strain rate and the

Figure 3. Stress waves in the region far from the surface in gold illuminated with a picosecond laser (a)
with the consideration of two-step heat tranfer and (b) without the consideration of two-step heat transfer.

466 X. WANG AND X. XU



lattice temperature. When two-step heat transfer is not considered, the coupling
between the strain rate and the lattice temperature is stronger since the faster dis-
placement variation causes stronger attenuation of the stress wave. Figure 3b shows
that the tensile stress at 30 ns is about 37% of that at 0.3 ns and the compressive
stress is only 26% of that at 0.3 ns when two-step heat transfer is not considered. The
duration of the stress wave is extended; whereas when two-step heat transfer is
considered, the duration of the stress wave remains almost the same during the
propagation of the stress wave.

Gold Irradiated with a Femtosecond Pulsed Laser

In this case, a gold target is irradiated with a femtosecond pulsed laser with a
wavelength of 0.8 mm, a 200-fs base pulse width, and a peak intensity of
3:061 £ 1015 W=m2 at 100 fs.

The surface temperature increase and the displacement are shown in
Figures 4a, b; the results without considering two-step heat transfer are shown
in Figure 4c. It is seen from Figure 4a that at around 100 fs, the electron gas
reaches a peak temperature of about 2:8 £ 105 K. On the other hand, the increase
of the lattice temperature is much slower and reaches a much lower peak value of
about 1000 K at 10 ps. Unlike the surface displacement induced by picosecond laser
heating, which reaches its peak value when the temperature increase stops, the
displacement induced by femtosecond laser heating has a signi®cant delay relative
to laser heating and the temperature increase. This is because it takes time for the
thermal expansion in the laser-heated volume to reach the surface, and this time is
signi®cant compared with a femtosecond pulse. Comparing Figures 4a, c, a large
di� erence is noticed between the lattice temperatures with and without considering
two-step heat transfer. When two-step heat transfer is not considered, the lattice
temperature is overevaluated by a factor of 7 and changes with time rapidly.
Consequently, the lattice displacement also varies rapidly with time. These phe-
nomena are due to the same reason as explained in picosecond laser heating but
are much more pronounced since the heating time here is shorter than the coupling
time between electrons and the lattice.

The development of the stress wave during laser heating is shown in Figure 5.
It is seen from Figure 5a that the compressive stress is ®rst developed and reaches
a peak value at 3.2 ps and then reduces to a constant value. A tensile stress
follows the compressive stress and gradually increases to a constant value.
Comparing Figure 5b with Figure 5a, it is found that the stress is overpredicted
without considering two-step heat transfer, especially the tensile stress, which is
over 10 times higher than that considering two-step heat transfer. Also, when
two-step heat transfer is not considered, the stress wave is completely developed
within 10 ps. On the other hand, it takes 40 ps when two-step heat transfer is
considered.

Propagation and attenuation of the stress waves are shown in Figure 6a. It is
seen that at 30 ns, the tensile stress is about 53% of that at 0.3 ns, while the com-
pressive stress is less attenuated, about 65% of that at 0.3 ns. Comparing Figure 6b
with Figure 6a, it is clear that without considering two-step heat transfer, the stress
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Figure 4. Temperature increase and displacement at the surface of gold illuminated (a) with a femto-

second laser and (b) with the consideration of two-step heat transfer and (c) without the consideration of

two-step heat transfer.
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wave is attenuated more rapidly and its duration is extended longer. These phe-
nomena are due to the same reason as explained previously in the case of picosecond
laser heating.

Comparing the stress wave induced by picosecond and femtosecond laser
heating, although the surface temperature increases are almost the same, a shorter
pulsed laser induces a stronger stress wave and stronger stress attenuation. Also, it is
not di� cult to conclude that two-step heat transfer has a larger e� ect for shorter
laser pulses.

Although these calculations are conducted for gold, the solutions developed in
this work can be applied for other metals since two-step heat transfer is a common
phenomenon in metals.

CONCLUSIONS

In this work, an analytical solution for thermoelastic waves in a metal induced by a
pulsed laser was derived. Two-step heat transfer and coupling between the strain rate
and the lattice temperature were considered. Calculations were conducted to in-
vestigate the temperature increase and the evolution and attenuation of the stress
wave induced by a pulsed laser. Comparing femtosecond laser heating with pico-
second laser heating, it was found that the femtosecond laser caused a stronger stress
wave and stronger wave attenuation than the picosecond laser did. The displacement
at the surface in femtosecond laser heating did not occur simultaneously with the
temperature increase but had a substantial delay. It was also shown that, even for a
laser pulse longer than the coupling time between electrons and the lattice as in the

Figure 4. (continued).
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Figure 5. Development of stress waves in gold illuminated with a femtosecond laser (a) with the con-

sideration of two-step heat transfer and (b) without the consideration of two-step heat transfer.
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Figure 6. Stress waves in regions far from the surface in gold illuminated with a femtosecond laser (a) with

the consideration of the stress wave and (b) without the consideration of the stress wave.
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case of picosecond laser heating, the two-step heat transfer model should still be
applied to better predict the temperature and the thermal stress development. Ne-
glecting two-step heat transfer would greatly overpredict the lattice temperature
increase, the stress wave, and the coupling between the lattice temperature and the
strain rate.
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